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Engineering Static Mechanics

Theoretical Subjects
Week No. Subject Topics
1 Static, fundamental concepts , Force, Scalars and , Vectors , Units , Force
polyzon , Cartesian Components .
2 Analysis of Forces
3 Resultant of Concrrent, Coplanar Force system (2-D)
4 Moments
5 Moment:
6 Couples, the transformation of the Couple and the force
7 Equilibrium, free body diagram (F.B.D.)
8 Equilibrium Conditions (2-D)
9 Equilibrium Conditions (2-D)
10 Friction, type of friction, Dry Friction
11 Center of Gravity, Centroid (length, area ), Centroid of Simple area
12 Centroids of Composite areas.
13 Centroids of Composite areas.
14 Moment of inertia ( Simple and Composite areas).
1= Moment of inertia ( Simple and Composite areas).




Faladl
(L5)00 pE) (peasigd Sidaad

Engineering Dynamic

Mechanics
Theoretical Subjects
Week No Subject Topics
1 Newton's Second Law
2 T’ype of motion, Linear motion with constant speed.
3 Linear motion with Constant acceleration.
4 Curvilinear motion
5 Angular motion, Relative Motion
6 Work, Energy, Power
7 Strength of material: Fundamental concept
8 Loads, Stress, Strain, Elasticity, Plasticity, and Deformation.
9 Hook's Law, Stress -strain curve, type of stress.
10 Normt_ﬂ stress due to an axial load on 1-Uniformam Cross section area
2-Variable cross section area .
11 Shear Stress
12 Torsional Stress
13 Thermal Stress
14 Beams, types of loads, types of beams
15 Shear force ($.F.) & bending moment (B.M.) of Simple supported beam
under an —axial load .
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Mechanics define:-

Mechanics is the physical science that deals with the behavior of bodies

under the influence of forces.

Mechanics can be divided into:

1. Rigid-body Mechanics
2. Deformable-body Mechanics
3. Fluid

Rigid-body Mechanics deals with

- Statics — Equilibrium of bodies; at rest or moving with constant velocity

- Dynamics — Accelerated motion of bodies.

Basic Quantities

e Length - locate the position of a point in space
e Mass - measure of a quantity of matter
e Time - succession of events

e [Force - any action which change or try to change the shape ,volume
or the motion of a body.

e Particle - has a mass and size can be neglected
¢ Rigid Body - a combination of a large number of particles

e Concentrated Force - the effect of a loading
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Physical Quantities is classified to:-

1. Scalar quantities :have only magnitude(mass ,volume)

2. Vector quantities :have both magnitude and direction(couple,force)

Classification of forces :

1. Collinear /

2. Parallel forces —

3. Concurrent forces

L 7

4. Non parallel , non -concurrent forces

Newton’s Laws of Motion

 First Law - A particle originally at rest, or moving in a straight line
with constant velocity, will remain in this state provided that the particle
IS not subjected to an unbalanced force.

F,

Equilibrium
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« Second Law - A particle acted upon by an unbalanced force F

experiences an acceleration a that has the same direction as the force and

a magnitude that is directly proportional to the force.

F =ma

I —{) .

Accelerated motion

« Third Law - The mutual forces of action and reaction between two

particles are equal and, opposite and collinear.

Morce ol Aon B

r—L @’

A I). N l.l‘l ce ll]. 1{ on A

Action reaction

Unit Measurement

1- SI

The International System of Units (abbreviated as Sl, from the French
System international) is the modern form of the metric system, and is the

most widely used system of measurement. (g = 9.81 m/s?)

2- U.S customary

United States customary units are a system of measurements commonly
used in the United States. The United States customary system developed
from English units which were in use in the British Empire before the

U.S. became an independent country. (g = 32.2 ft/s°)


https://en.wikipedia.org/wiki/French_language
https://en.wikipedia.org/wiki/Metric_system
https://en.wikipedia.org/wiki/System_of_measurement
https://en.wikipedia.org/wiki/Units_of_measurement
https://en.wikipedia.org/wiki/United_States
https://en.wikipedia.org/wiki/English_units
https://en.wikipedia.org/wiki/British_Empire
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TABLE 1-1 Systems of Units
Name Length Time Mass Force

International meter second Kilogram

System of Units

N
Sl m s kg kg-m
( s )
U.S. Customary foot second pound
g ('b : Sf)
ft s ft b

*Derived unit.

TABLE 1-2 Conversion Factors

Unit of Unit of
Quantity Measurement (FPS) Equals Measurement (SI)
Force Ib 4448 N
Mass slug 14.59 kg
Length ft 0.304 S m

+ Resultant the vector :

The resultant force is the force which can replace the original system

without changing its external effects on rigid bodies .There are two

methods for founding the resultant force:-

1- Parallelogram law.

The parallelogram of forces is a method for solving the results of

applying two forces to an object.

=

net=F1*F2

Figure 1: Parallelogram construction for adding vectors


https://en.wikipedia.org/wiki/Parallelogram
https://en.wikipedia.org/wiki/Force
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2- Trigonometry.

Triangle law of forces states that, If two forces acting at a point are
represented in magnitude and direction by the two adjacent sides of a
triangle taken in order, then the closing side of the triangle taken in the
reversed order represents the resultant of the forces in magnitude and

direction.

Procedure for Analysis

= Redraw half portion of the parallelogram

= Magnitude of the resultant force can be determined by the law of
cosine

= Direction if the resultant force can be determined by the law of sine

= Magnitude of the two components can be determined by the law of

sine

Cosine law:-

C =\/A2 +B2 - 2AB cos ¢
Sine law:-

A B C

sin a sinb sinc
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Ex1l
The screw eye in Fig. below is subjected to two forces,F; and F ».

Determine the magnitude and direction of the resultant force.

10
: /r: - 150 N
: F,= 100N

YA
v -

Solution:-

15°

a- Parallelogram b- Trigonometry

R= \AZ +B2_2AB cos ¢

R =\/1oo2 +150% — 2*100*150 cos (115°)
R=213N
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Sine law:-
A R 150 213
= > =
sin a sinc sina sin (115°)
a° =40

direction R measured from the horizontal. Is
B° =40° + 15° = 55°

Ex 2
Resolve the horizontal 600-Ib force in Fig below into two components

acting along the u and v axes and determine the magnitude of these

components.
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Ex?2
Resolve the horizontal 600-lb force in Fig below into two components

acting along the u and v axes and determine the magnitude of these

components.

SOL:-
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Sine law:-

A R A 600 Ib
= > —— =

sin a sinc sin (120°)  sin (30°)

A=1039 Ib

B R B 600 Ib
= I — =

sin a sinc sin (30°)  sin(30°)

A =600 Ib

Ex 3

Determine the magnitude of the component force F in Fig. below and the
magnitude of the resultant force FR if FR is directed along the positive y

axis.
)

‘ 60°

F 75°

45°
‘ .
" g \30 \ 30°
: X

o L s TEY
SOL:-
Sine law:-
F F, Fi 200
= EEEEEEEEE— = —
sin a sinb sin (60°)  sin (45°)
F,=2441b
F Fr 200 Fr
= EEEEEEEE—— —_— =
sinb sinc sin (45°)  sin (75°)
FrR=2731b
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H.W
1- It is required that the resultant force acting on the eyebolt in Fig. below

be directed along the positive x axis and that F, have a minimum
magnitude. Determine this magnitude the angle 6, and the corresponding

resultants force.

F,=800N

2-Determine the magnitude of the resultant force acting on the screw eye

and its direction measured clockwise from the x axis.

6 kKN

3-Two forces act on the hook. Determine the magnitude of the resultant

force.
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Rectangular Components

(+fy)

fx = F sin 6°
fy = F cosine 6°
F=V X +y
6 =tan™ (f»

)

T + l +

note :- fy = - fx= -<—

Moment of force

Define :- the product of the magnitude of the force by the perpendicular
distance (arm) from the point to the action line of the force. It’s units are
N.m, Ib. ft, ect.

Mo=f.d

0<d l-

Varignon's theorem. -
that the moment of a resultant of two concurrent forces about any point is

equal to the algebraic sum of the moments of its components about the

same point.


https://en.wikipedia.org/wiki/Torque
https://en.wikipedia.org/wiki/Euclidean_vector#Addition_and_subtraction
https://en.wikipedia.org/wiki/Algebraic_sum
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y
g )
£
Fyl/‘
K fx‘r > X
— fx fy

MA =MA" + MA <

Note:- moment its (-) value ,if the force rotates clockwise.

moment its (+)value ,if the force rotates counter clockwise

N ¢ N

+

Clockwise Counter clockwise

Ex :- Find the moment of force (f) about point (A) as shown in the

following figure below. Y
§0° F=30 kN
A, & m X
30m
Sol:- fy A
fx = F sin 30° 3057 F=30 kN
=30 sin 30° % —>fX
= 15 kN A, 10 m
fy = F cosin 30° 30m
=30 cosin 30°

= 25.9 kN
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MA = MAX + MAY
=fx*ry +fy*rx
=- (15 * 10) + 25.9 * 30
=627 kN.m

Another method?
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Moment of force

Define :- the product of the magnitude of the force by the perpendicular

distance (arm) from the point to the action line of the force. It’s units are

N.m, Ib. ft, ect.

Mo=f.d

A [

\

Varignon's theorem. -
that the moment of a resultant of two concurrent forces about any point is

equal to the algebraic sum of the moments of its components about the

£
Fyl/‘
——3x

MA = MA™ + MAY N

same point.

Note:- moment its (-) value ,if the force rotates clockwise.

moment its (+)value ,if the force rotates counter clockwise

Y ¢ N

+

Clockwise Counter clockwise


https://en.wikipedia.org/wiki/Torque
https://en.wikipedia.org/wiki/Euclidean_vector#Addition_and_subtraction
https://en.wikipedia.org/wiki/Algebraic_sum
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Ex 1:- Find the moment of force (f) about point (A) as shown in the

following figure below. Y
30°

=,

F=30 kN

A, &m X

30m
Sol:- fy A
fx = F sin 30° 30 F=30 kN
=30 sin 30° / —>fX
= 15 kN A, 10 m
fy = F cosin 30° 30m
=30 cosin 30°
= 25.9 kN

MA = MA™ + MAY

=fx*ry +fy*rx
=-(15*10)+25.9*30
=627 kN.m

Another method?

Ex 2

Calculate the magnitude of the moment about the base point O of the

600-N force.
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sol :-

2m F{ =600 cos 40°

Replace the force by its rectangular components at A,
F1 =600 cos (40) = 460 N,

F, = 600 sin (40) = 386 N

By Varignon's theorem, the moment becomes

MO = 460 *(4) + 386 *(2) = 2610 N.m

Ex3
Determine the rcsultant moment of the four forces acting on the rod

shown in Fig. below about point 0.

y 4ON

sol :-

20N

30°

40 N

Mo= -(50*2) +(60*(0))+(20*a)-(40*(b+4))
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b
cos30= 3 —> b=259
sin 30 = g —>  a=15

Mo=-(50%2) +(60*(0))+(20%1.5)-(40*(2.59+4))

Mo =-333.6 N.m

Moment of a Couple
(Flead¥) aje)
A Couple is defined as two parallel forces that have the same magnitude.

but opposite directions. and arc separated by a perpendicular distance (d).

Fig. below.

Mo=-F*a+F(atd)
=-F*a+F*a+F *d
=F*d
Mg=F*d+F(d-b)
=F*b+F*d-F*b

=F*d > [ M. = F*d }
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Ex1:-
Determine the moment of the couple shown in figure about the axis

through Points A,B,D.

Sol:-
Mc(A)=1000x 40+1000x 40 = 80000 N.Cm

Mc(B)=1000x (40+40) = 80000 N.Cm
Mc(D)=1000x (40+40+50)-1000x 50 = 80000 N.Cm

Ex 2 Determine the resultant couple moment of the three couples acting

on the plate in Fig. below.

F,=4501b A

Sol:-

MR =-M1+ M2 - M3
= -(200 * 4) + (450 * 3) — (300 * 5)
=-800+1350-1500

MR =-950 Ib.ft (clockwise )

Ali Abdul-zahra Hasan
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Equivalent Couples.
(i2siall 7) g2 N 238
If two couples produce a moment with the same magnitude and direction

then these two couples are Equivalent For example. The two couples
shown in Fig, below are Equivalent because each couple moment has a
magnitude of M =30 N* 0.4 m=40N*O.3m=12N-m

Ex 4:
Replace the following couples shown in figure by a single couple

its forces effects horizontally at points B,D.

Sol:- 1pON
Mc=-200x 20+100x 30+50x 40 :I:Z‘M* :Eo
20
=1000N.Cm ] |"N
200N

Mc=F . d B
1000=F x 20 ] %o
F=50N SON 50 Nl Tso N

—» ¥ sl

Ali Abdul-zahra Hasan
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Resultant Non-Concurrent Coplanar Forces
(5 sl i Aad gl A3 i) g gl Alna)

1- Resolve the forces in to x and y compent /7/ S
2- Rx =Y Fx '
3- Ry=Y Fy

4- R=/Rx? +Ry2 TR

5- 6 = tan™ (R)
Rx

6- Mp=>M I\ /(
7- Mo =R™d - d= 2 \ \ Mo

Gi=
A
S

Ex1 :-
Determine the resultant of the four forces and one couple which act on

the plate shown.

[ 2m | !
60 N I o m '
‘ /’\51} N :
453 __* _____ I
: | ' [141} N-m
2_m | -
| : 80N
2m
4D:~J_'_¢,._|._______'_9.'.-ﬁ£;_x
1m:

60 sin 45

sol :-
T_E m,

e

Rx=> Fx=40 +80 cos(30) — 60 cos(45)=66.9 N N e 5m
50 N
Ry=> Fy=50 +80 sin(30) +60 sin(45)=132.4 N }l‘ A -
cocosas 2m |l | 140 N-m

—*—:— 60sinsoct 80N

2m
40 N ____ ig

60 cos 30

Ali Abdul-zahra Hasan
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R = /Rx’ +Ry’
R=./66.9°+132.4>=148.3 N

6 =tan™ (Rv)
Rx

6 =tan™ (1632-3 ) > 0=63.2°

MOZZM

Mo = 140 - 50*5 + 60 cos(45) *4 -60 sin (45) *7 = -237 N.m

Mo =R*d
237=148.3*d =—> d= 237 =16m
148.3
( R=1483N
| Mo| /<9 =03
237 N -
( R=1483N
1.600 m | 63.2°
b
\ \
Y 5
_/YB
4

Ali Abdul-zahra Hasan
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Ex 2:-
If the resultant of the two forces and couple M passes through point O,

determine the resultant (R)and M.

160
; mm

Sol :-

sin 30:$ —> a =300 *sin 30 = 150 mm 300 i a
cos 30 = ﬁ —> b =300 * cos 30 = 259.8 mm C | b
cos 30 = ﬁ ¢ =300 * cos 30 =129.9 mm

Rx=Y Fx =320 cos(60) = 160 N
Ry=Y Fy = -400 - 320 sin(60) = -677 N

R=_/RX’ +Ry?

R =,/160% +(-677)? = 695.65 N

For the resultant to pass through O the moment about O must be zero.

ZMO =0

Mo= M- 400*129.9 -320 cos(60) *150-320 sin(60) *259.8 =0
M= -147957 N.mm —> =148 N.m

Ali Abdul-zahra Hasan
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Ex 3:-
Determine the resultant of the forces and the couple shown in

figure and locate it with respect to point (A).

250N
3
4
> 1400 N
30 cm {‘2;00 25
20 N

Al' 40 cm 'l
Sol :-
Rx =250 * 3/5-520 * 12/13 - 400
=-730 N=730N <€— R

Ry=250 *4/5-520*5/13=0 d |

R:W A

R=,/(-730)’ +(0)°’ =-730 N €—

R=730N

R*d=:Ma

730 * d=-250 * 3/5 * 30+400 * 30 - 520 * 5/13 * 40+ 2700
d =3 Cm

Ali Abdul-zahra Hasan
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Equilibrium
Y

When a body is in equilibrium, the resultant of all forces acting on it is
zero. Thus, the resultant forces Rx, Ry and the resultant moment M are
both zero, and we have the equilibrium equations.

Three equation equilibrium :-
YFx =0

YFy=0

YMo=0

Support reaction

A reaction force is a force that acts in the opposite direction to an action
force. Friction is the reaction force resulting from surface interaction and

adhesion during sliding. Reaction forces and reaction moment are usually

the result of the actions of applied forces.

............

s varan ‘ﬁ-‘lF

Figures shows types support reaction

Ali Abdul-zahra Hasan
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e Type of support

Smooth surfaces

Rough surfaces

Roller support

~
‘\\/
=

? 50 i i’i)\\g O

~
~
~
= g
~
. ~
N
7
/ =
R e \Il
N
N
AY

Freely sliding guide

= @

Pin connection

-

i

Pin free to turn

oy
e
R,

Pin not free to tw

Built-in or fixed support
A A
~—
or

—

- Weld

Gravitational attraction

I

r

W=mg

Fixed reaction

Ali Abdul-zahra Hasan
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Free body diagram (FBD) (ad) awall Jalaia)

The diagram shows all forces applied to objects and forces of reaction to

the body after removal of supports.
(Y1 23 2my Gonsall Jadll 2y (58 5 sVl o Abaddl g ) pend ) ()l i)

Gl—=——

30 #
Fn F.
+ F"/ *FV *F'\f
(z) fixed or builc in (b) roller bearing (c) pinned or hinged
SAMPLE FREE-BODY DIAGRAMS
Mechanical System Free-Body Diagram of Izolated Body

1. Plane truss

Weight of truss
aszumed negligible
compared with P

2. Cantilever beam v
Fﬁl F,

{.ﬂ le F, gn
| Y

| F
| A Mass m M !,

Ali Abdul-zahra Hasan
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Ex 1

Determine the magnitudes of the forces C and T, which, along with the

other three forces shown, act on the bridge-truss joint.

SOL.:-
[YFx =0]

8+ Tcos40+Csin(20)-16= 0
0.766T +0.342C =8

[ZFy = (]
Tsin40-Ccos20-3=0

0.643T-0.940C =3
From (a) and (b)
T=9.09 kN
C=3.03kN

Ex 2

@)

(b)

Find supports reaction at support (A, B) for the beam shown below.

100 kN

100 kN

AN

| 2m

2m

Ali Abdul-zahra Hasan
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Sol:-
100 kN 100 kN
y 45°
A X A B
o e
| = ~ l FANY
100 kN 100 kN
Hg 45
>
RAT
| |
| 2 2 | I
F.B.D
SOL.:-
DFx=0] ,[ZFy=0] , [ZMo =0]
> Fx =0]
Hg + 100 cos (45) =0
Hg =-70.71 kN -
>Fy=0
Ra +Rg -100 — 100 sin(45) =0
Rg=170.71 - Ra eq (1)
[ZMA = 0]

Ra*6—(100sind5)*4-100*2=0
Ra = 80.47 kKN

By solve (1)

Ra=90.23 kN

Ali Abdul-zahra Hasan
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Ex3
Determaine the horizontal and verlical components of reaction on the
member at the pin A, and the normlal rcaction at the roller B in figure

below.

750 1b

SOL:-

HB = RB sin 30
Vg = Rg cos 30

[EMa = 0]

(Rg €c0s30)* 6 — (Rg sin
30)*2-750*3=0

Rg =536.2 Ib
[> Fx=0]

Hyo—Hg=0 Ha—536.2 sin 30 =0
Ha =268 Ib

YFy=0

Ra+V-750=0

Ra +536.2 cos(30)-750=0
Ra-285.6 Ib

Ali Abdul-zahra Hasan
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H.W
Q1

The 500-kg uniform beam is subjected to the three external loads shown.

Determine the reactions at the support point O. The x-y plane is vertical.

RN

30°
15 kN-m 3 kN
0 A /B

= v [ | {~——x

|/ ¢

1.4kN
f—1.2m-+ 1.8 m t——18m
7

Ali Abdul-zahra Hasan
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Ex1
The 500-kg uniform beam is subjected to the three external loads shown.

Determine the reactions at the support point O. The x-y plane is vertical.

[——

15 kN-m 0
0 A m 3 kN
[= ol | £ /}I *C_\'_—I
11.4 kN A 3 kN
1.2 m— 1LEm t—18m
sol :-
W=mg a 7 F—+ a
=500 *9.81 =4905 N =4.905 kN F.B.D
[XM, = MO]

- [(3 cos30) * 4.8] - [(4.9)* 2.4] +1.4* 1.2 + 15 = Mo

Mo = -7.55 kN.m (counter clockwise)
[YFx = 0]

Ho - 3sin (30) =0

H,=1.5kN

>Fy=0

Vo +1.4-4.9-3co0s(30)=0

Vo =6.1kN

Ali Abdul-zahra Hasan
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Ex2

The 50-kg homogeneous smooth sphere rests on the incline A and bears

against the smooth vertical wall B. Calculate the contact forces at A and
B.

Sol :-
W=mg
=50*9.81= 4905 N
2Fy=0
Va-W=0
Va-4905=0
Va = 4905 N
Va = Ra c0s30
490.5 = Ra €c0s30
Ra =566.38 N
Ha = Ra sin(30)
= 566.38 sin(30) = 283.2
[YFx =0]
Ha—Hg =0
283.2—-Hg =0
Hg =283.2N

Ali Abdul-zahra Hasan
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Ex3

Determine the horizonal and vertiacl reaction at the pin A and the

reaction on the beam at C.

kN
15Sm - I5m i

IL5m

kN
15Sm - I5m 1

F.B.D

[EMa=0]
[Ha* 1.5] - [4*3]=0

Ha = 8 kN
[> Fx =0]
Ha+Hp =0 4kN
8+Hp=0 ———> Hp=-8Kn(e) He
Ha
Va Vc
[EMa= 0]
[Ve* 15]-[4*3]=0 — 5 Vc=8kN
3

Ali Abdul-zahra Hasan
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>Fy=0

V,+Ve4=0

V,+8-4=0

Vo=-4kN |,

[> Fx =0]

Ha+H, =0

8+H,=0 — > H,=-8kN <

Equilibrium of pulley

Ex1l
Calculate the tension T in the cable which supports the 1000-Ib load with

the pulley arrangement shown. Each pulley is free to rotate about its

bearing, Find the magnitude of the total force on the bearing of pulley C.

C( 'i j > 7 Y r— F, ’
T INSZ zy}\p/ .
@ g
|
T)
@A Tt/—*- L.___1
_ Op )A
100016 \4/
1000 Ib
F.B.D
Sol :- .
Ty 4°
Pulley A t();j\
[XMo =0] 1000 Ib
Tl*r_Tz*rzo T1:T2
4
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>Fy=0
T,+T,—1000=0
T]_ =500 Ib

T,=T,=500Ib
Pulley B
[ZMg = 0]
Tg«r _Ty+r=0
2Fy=0
Ts+T,—T,=0
T;=250Ib
T3=T,=2501b
Pulley C
[EMc = 0]
Ta«r _T«r=0

Ali Abdul-zahra Hasan

2T,=1000
4 T
0/
%
T3=Ty
2T5=500
e wade
o
T;-T=2501Ib
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The Friction
AiaY)

< Definition :-

Whenever we try to slide one body over another body there is a
force that opposes that motion. This opposing force is called the
force of friction. For example, if this book is placed on the desk
and a force is exerted on the book toward the right, there is a
force of friction acting on the book toward the left opposing the
applied force, as shown in figure below.

Opposed Applied
frictional force force
f F

*» Types of Friction

(a) Dry Friction. Dry friction occurs when the not oiled
surfaces of two solids are in contact under a condition of sliding
or a slope to slide. A friction force tangent to the surfaces of
contact occurs both during the interval leading up to impending
slippage and while slippage takes place.

Pushing a box

—

Free body diagram

reqldred g Foree you apply
=

Stase fnaticn
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(b) Fluid Friction. Fluid friction occurs when adjacent
layers in a fluid (liquid or gas) are moving at different
velocities. This motion causes frictional forces between fluid
elements, and these forces depend on the relative velocity
between layers. When there is no relative velocity,

there is no fluid friction.

Static Friction

As P increases, static-friction force F increases as well until it
reaches a maximum value F.

F=u*N
_F
L =—
N
Where:

F = friction force

N =Normal reaction

u = Coefficient of

friction

Angle of friction (@):

It's the angle between the total reaction (R) and its normal

component, when limiting friction.

The tangent of this angle is equal to the coefficient of

Friction ().
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Southern Technical University

Engineering Mechanics
Technical Institute Of Amara

Lec 9

_Example: Calculate the force (P) required to move the (500N) block weight up the
inclined surface shown in figure ,if the block is subjected to (200N)force

assume (p=0.5). P
Solution:
Wx=500x Sin30=250N
Wy=500x Cos30=433N
> Fy=0 200N
N-433=0 =» N=433N 30°
Fmax.=p*N=0.5%433=216.5N
> EXx=0

200+p-250-216.5=0 w

Wy
P =266.5N Wx o~ P

ax
200N /
"
N

Example: Determine the frictional force exerted on the (200N) block weight by the
Inclined surface shown in figure if the block is subjected to (70N) force

(1=0.2) .

Solution:
Wx=200% Sin30=100N
Wy=200x Cos30=173.2N 70
Assume the block will move upward o
Y Fx=0
70-100-F=0
F=-30N

That means the block is try to move downward

\\4
(F) must be equal or less than( Fmax.) Wx Wy
Fmax.=p*N
70N, F ‘/\N

2. Fy=0

N-173.2=0 = N=173.2 N
Fmax.=0.2x 173.2=34.64N[1 30N

F=30N

Ali Abdul-zahra Hasan
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Example: Explain if the block (400 N) weight turns or slides if pushed by force P

(u= 0.34)

Solution:
The block is either slides or overturn

1-the block is slides
From (F.B.D 1)
Y Fx=0
P = Fmax.
>»Fy=0 = N=400N
Fmax.= p*N=0.34x 400=136N

P=136N

2-the block is overturn
From (F.B.D2)

Y MA=0
25 x p-400% 10=0

P=160N

The block is slides and P= 136N

Ali Abdul-zahra Hasan

10Cm

25Cm

400N

Fmax.
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Center of Gravity , Center of Mass
And Center of body

aall Ji 380 g ALS J S 10 plusal) JEE 36 10

< Definition :-

The center of gravity (G):- is a point which locates the

resultant weight of a system of particles or body.
4N

3m In

i

Al B

L
IN G 3N

From the definition of a resultant force, the sum of moments
due to individual particle weight about any point is the same as
the moment due to the resultant weight located at G. For the

figure above, try taking moments about A and B.

Similarly, the center of mass is a point which locates the
resultant mass of a system of particles or body. Generally, its

location is the same as that of G.
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+¢ Centroid of simple shapes:-

Shape X y Area A
1. Triangle Y
i . l 1bh
17 3 3 2
X
2. Semicircle
{ 0 4r *1"_2
Flp) 3w | 2
3. Quarter circle y
v | a7
i s 3 4
X
Y
4. Rectangle 5%
;1\‘{ b h
hloo. ) 5 5 bh
ey
5- Circle
— B r r T[r2
X r y
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Centroid of complex shapes:- When a body or figure can be

conveniently divided into several parts whose centroid are easily

determined.
_ IXA _ IpA
=3 Y=5a

Ex1 Find the centroid of the given area

]
1in | Tin
1in 1in A1 EAS
. 1in 9 Az 1in
1in
! Jin X 3in
Soulstion:-
1D Area ¥ %" Area Wi vy Area
(in%) (in) (in’) (in) (in)
A, 2 0.5 1 1 2
A, 3 2.5 7.5 0.5 1.5
A, 1.5 2 3 1.333333 2
Ay -0.7854 (0.42441] -0.33333| 0.42441 | -0.33333
5.714602 11.16667 5.166667
2 xA 11.16
F=" — = 1095in
YA 5.7
_ LyA 516
V= = m— =004 in
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EX2 Locate the centroid of the plate area shown in Figure below.

2m
{ D
Im
! v
- ...< zm -l im -
| m!
}’
V |

! - -l
I Sm 1 E
_ | Ui e L -
“1.5ml lm|
Segment A (m?) g#m) | 7m) | Am®) | JAm?)
1 0.5 x3x3 =45 1 1 4.5 4.5
2 3Xx3=9 -1.5 1.5 - 13.5 13.5
3 —2X1==2 -2.5 2 5 -4
z A=115 XA = -4 E}T’A =14
e XA _ 0.348
x j— o e . m
YA 115
SjA 14
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EX2 Find the centroid of the part.

4"

a
C =
/( b
/ 3@ | I m
KA
d- 6m P

Solution:

1. This body can be divided into the following pieces:

rectangle (a) + triangle (b) + quarter circular (c)—semicircular area (d).
(Note the negative sign on the holel)

Steps 2 & 3: Make up and fill the table using parts a, b, ¢, and d.

Segment A (m?) xX(m) y(m) XA(m3) yA(m?3)
Rectangle 18 3 1.5 54 2
Triangle 4.5 7 1 31.5 4.5
Q.Circle | 9m/4 | —-4x3/3m| 4%x3/3m -9 9

Semi-Circle | —m/2 0 -4 x1/3m 0 -2/3

2, 28.0 YXA=76.5| XyA =39.83
. XXA 1765
X= = =2.73m
2A 28.0
_ YyA 39.83 >
= = = m
=54 T 280
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Moment of Inertia (1 , gl a5

e Itisameasure of an object’s resistance to changes to its rotation.

e Alsodefined as the capacity of a cross-section to resist bending.

e The sum of the products of the mass of each particle in the body and

the square of its perpendicular distance from the axis of rotation I.

- g
I=T+Ad’ /_”\
g dA
Ny ,
G
d
o4
shape Moment of Inertia at C Moment of Inertia at base
Loi = : bh3 3
)."—ﬁ L I, =§'bh
1 T T
le =%bh3 1\ T leh
1 1 2
1.1‘/=an4 10 =§7T74
1 , 1 _
L/ = I.\,/ = §rn‘4 Iy = an‘"
’ 1 , .3
L/=1/= Rnr“ Iy = grn‘“L
1
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EX 1

The figure shows the cross section of a beam made by gluing four planks
together. Determine the moment of inertia of the cross section about the x

axis.
¥
150 mm | 150 mm
| —r—
/‘\ SRS
ﬁﬂmmj/ ::'-’U-Ufmm
4 -
60 mm— [/ (/200 mm
AV i
'f\\ OO
Sol:-
Al A2
¥ E(Imgl—lﬂf}mm+20-ﬂmm+ﬁﬂmm=52l]mm ¥ 200 mm + 200 mm = 400 mm ¥
OSSN S % 7 AN :
% 7 MY - TN N
[ e \ \
7 A x ~ 520 mm x 400 mm >
/ 7 / \\
4 / N
BSOS
-'—42{]1.1::1.1—" __g_ﬂﬂmm
60 mm + 150 mm + 150 mm + 60 mm = 420 mm—~— " 150 mm + 150 mm = 300 mm-
Large rectangle Small rectangle
1- A1 ¥
b / '
Large rectangle Iy = VR
(420 mm){520 mm}y’

= 520 o X
12
=40213 » 10° mm®

"'—4'“] 1111 ——*=
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¥
2- A2
bh® \ N
Small rectangle Iy = T \\
400 mm N X
(300 mm)(400 mm)’ L \\
12 N
= 1.6000 = 10° mm* - -
300 mum
For the composite region subtracting gives
Iz = Large rectangle Iz — Small rectangle Ix
= 49213 x 10° mm" — 1.6000 x 10° mm*
=332 x 10° mm* —Ans.

Determine the moment of inertia of the cross section about the x axis.
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Sol;-
Al A2

A1 Large circle Ix =% (50 mm)*
= 4.9087 x 10° mm*

A2 Small circle Ix = 4 7(20 mm)*
=0.1257 x 10° mm*
For the composite region, subtracting gives
Ix = Large circle Ix — Small circle Iy

=49087 » 10° mm* — 0.1257 » 10° mm®
=478 x 10° mm* «Ans.

Ex3 Determine the moment of inertia of the beam cross section about the x centroid
axis.
.
L 80 mm | 80 mm

[ A
20 mm T
120 mm
* .
120 mm
J—_Z 0 mm

[ ]
T —= }=—20 mm
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SOL:-

y y o y
80 80
j_bﬂi F-El-i Lh—ﬂsﬂ‘mm——-{

YEO mim T T _L_"O mm
120 mm 120 mm < 130 mm
l l X + X

T %

120 mm 120 mm
20 mm : 20 mm

il — R

_f_ —=f f=—20mm : . T o
1- A1

Al A2
I = bk’
X
12

_ ( 20 mm)(240 mm)’
12
= 2304 x 10’ mm*

2- A2
Ix = Ixu:‘ + dZA

¢+ _ b’
I 12

(180 mm)( 20 mm)’
- 12

. 5
= 12 x 10" mm*

k= 12 x 100 + A

2

= 12 x 10° +(130) (180 X 20)
- 60960000 mm?

Ix (TOTAL)= A1+2A2

T
=2304X 10+ 2 (6.096 X10) =145X 10" mm®*

5
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Example : Determine the centroid of the shaded area shown in figure with
respect to

(X) and (Y) axes . VT

dcm
—_— X
Gom
‘ 4 Scm ) | ¢ 4.5cm )
Solution:
Fig. ai xi yi aixi aiyi
dx Q=36 0 2 0 72
1/2% 6x Q=27 -1.5 -2 -40.5 -54
_r\,l —{4.5-[].424::2}
|
'L/'I -m(2)?/2=-6.283 =-3.652 2 22,945 -12.566
(!
!
N -6.283 3.652 2 - -12.566
22.945
50.434 -40.5 -7.132
X=-40.5/50.434=-0.803Cm Y¥=-7.132/50.434=-0.141Cm
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Example: Determine the centroid of the shaded area shown in figure with

respect to
(X) and (Y) axes . ¥ f
=
‘ -
3cm
le 2 ple dem )
Solution:
Fig. ai Xi yi aixi aiyi
I 4x 6=24 2 3 48 72
‘ 1/2x 3% 6=9 -1 2 -9 18
3
Ui | -n(3)/4=- 4-(0.424x3) |6-(0.424x3) | -19.27 | -33.4
-7.069 =2.728 =4.728
s 25.931 19.73 56.6

X=19.73/25.931=0.76Cm

¥=56.6/25.931=2.18Cm
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Example: Determine the moment of inertia of the shaded area shown in figure with

respect to(x) axis .

o
Solution:
3cm
A2=1/2x 3x 6=9Cm?
3cm
A3=n(3)%*/4=7.06Cm?
3cm | 4cm > I

For(A1):
Ix=bh3/12+Ad? =4*(6)3/12+24*(3)?=288Cm* (+)

For(A2):

Ix=bh?*/36+Ad? =3*(6)*/36+9*(2)?=54Cm*  (+)

For(A3) :

Ix=0.196(r) ‘ +Ad? =0.196 *(3) * +7.06*(4.728)?=173.72Cm* ()
Ix(total)=288+54-173.42 =168.27 Cm*

Q/ Find the moment of inertia of T- section show in Fig. About x-axis .

2 cm 1
8 cm -1
Xo1
®
C.Z 2
;/ ! dx;=6 cm
2cm & o3 Xo2
: X
S cm dx, =1 cm

(Ix)a = (Ix)a; + (IX)a »
3
”h‘ 2%285.301;34 Ix _3(2 =53cmd

T ol o2 12

(IT )al — Ixol _I_"'qu‘dr 2.1'1 (IT )02 — I.raz +n2{f 2x 2

([x )a1:85.3—|— 8*2)(6)2 (Ir)02=5.3+(8*2)*(1)2
(Ix )  =6613cm* ([x) ,=213cm*

¥ (Ix ), =Ux )., +Ux),,
(Jx),=661.3+21.3
(Ix), =682.6cm*
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Strength of Materials

Strength of materials : 21 pall 4a35s )
Is the resistance of materials to the external forces “=a lall . &l
acting = =3« onir === .

(Sl:ress gyl )

The resistance per unit area to deformation the symbol of stress
is ((J) the unit === of stress is unit of force divide by e g3s
& unit of area { N/ m’ ).

o=L

A
(7 = stress gyl
P =Force Ej_ﬁi“
A=Area daloaall

HD Type of stress sl gl

1. Tensile stress [ Or ] s sz
A

O, :E - _--_-_-_-%_-;-_-_—f

P = tensile force =z g
A = cross sectional _-"1.1jen skl dales
A i il Bl Sa iy sl g A ) R S ) e ) ¢ et

(34
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1. Compression stress JC =aall g A
P —
o, =& P . _________%_ _________ L, F
€ A4

P = Compression force =sg
A =cross sectional Area  pedadl dAaiea

3.._|.1_:|.¢|F-MIhi%ulﬁjwﬁwﬁjﬁ;ﬁ;“*}:%

(3l =
3.5hear stress (C‘F) il gl A
P //
=£ 7 |
4 | Jﬁ{ .

P =shear force =2 53 )
A =cross sectional Area  peial 4l

absiall daleall 281 aaug dul e sgan 5 el o B 05 o e ) 1 Alballe

- (5 AU 4 pa

When a force acting 32 53«2 on a body it under=+s goes
some deformation =25 the deformation per unit length a4
Js=l is kmown as strain .

Strain has no unit  <laag s Jladdy

o ptadl -;'-u_.]l_,JF-JI:.-.-E'-hI il |3 g _l,?nr.'a,_j.-.n.'-,-.,:....:.l_,.'l: 5t ald Lasis }

((Jad o Jumad
The sample of strainis (&)
_AL
c=2L
L
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E=strain  Jai
A L = deformation skl Al
L = Length of body avadl | g

1. Tensile strain ( £ T ) P T P
R
AL
£ = "'71 1ok
T L
AL =Tensile deformation skl 25430
L = Length of body el ] gl
2. Compressive strain { £ C ) L
g | »
P EE— |
& :‘jj:—L _b| | AL
C —

AL = Compressive deformation  Jgede Jaid
L = Length of body adl ] g

- =

3. Shear strain ( £, ) =il Jaii P
e |

£ 5 I

e =shear de formation o 6.

s s
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L =Length of body a-ad s

Elasticity = 4——3a

Is the property “&= of material _= of returning E_P-ﬁl back to
their original position At adpall after 22 removing “J13 the
external force 4= &l &l

When the external force “= 4l i3l is removed J = the force of
resistance i i also vanishes & and the body spring &
back to its original position =% p=as . This thing happens
<2 in Elastic limits 4550 232 only ki,

EX 4 In Fig find the rensile stress in the section p&&s BB , CC if

P=14400N. iH !l:
Section BB g_-hidl | |
: | c
_P s ) 1
o =4 | %

A =10* 30 = 300 mm’

30 mm

-
]

10 mm

10 mm i
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14400
O =
I 300
. =48N /mm?
I

A=T7510-30*10
A=T750-300

A =450 mm?

__14400

I 450

. =32N /mm?
I

- EX2

The section shown in fig . is subjected to compression force of

( 820 000 N ) .IF the compression stress is ( 12 000 N/ cm’ ) Find
the dimension (d ) ?

A=(10%d)-7(d-3) -

f .
A=10d-7d+2] %/W
A=3d+2] 1 .

1 777



Southern Technical University

o :£
C 4
4= P _820000 e
- 12000
A =68.33 cm?’

;_}_,-;au.a::li-:id.r.'l_;.__,.l.-‘l
68.33=3d + 21
3d=6333-21
3d =47 .33

J —=47.33
3

d=15.76 cm

Q / In Fig . Two plates 4a-i= are joint by three rivets aw = of
( 20 mm ) diameter == . How much the shear stress in the
material of rivet if ( p=06000 T N)

A=23a )
A=3(r mT)
Ao Al * (el e ) = 5 _dlall Aaloes

Azl Anuall = B = =

A=3((103% 1)
A =300 7 mm’

R
6000 1

& =P 60007

A4 3007
Js =20N /mm?

6000
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Chapter 2: FORCE and MOTION

Linear Motion
Linear motion is the movement of an object along a straight line.

Distance

The distance traveled by an object is the total length that is traveled by that object.
Unit: metre (m)

Type of Quantity: Scalar quantity

Displacement

Displacement of an object from a point of reference, O is the shortest distance of the object
from point O in a specific direction.

Unit: metre (m)

Type of Quantity: Vector quantity

Distance vs Displacement

(81 Factory
-
¢ -
120m

>
-

A

200m

Distance travelled = 200m

Displacement = 120 m, in the direction of Northeast
Distance is a scalar quantity,

Displacement is a vector quantity

Speed
Speed is the rate of change in distance.
Formula:
d
V=—
t
v = speed
d = distance travelled
t = time taken
Unit: ms™

Type of quantity: Scalar quantity
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Velocity
Velocity is the rate of change in displacement.
Formula:
LSI
V=—
!
v = velocity
s = displacement
t = time taken
Unit: ms™

Type of quantity: Vector quantity

Acceleration
Acceleration is the rate of velocity change. Acceleration is a vector quantity
Formula:

o=
[
a = acceleration
v = final velocity
u = initial velocity
t = time taken

Unit; ms™
Type of quantity: Vector quantity

Notes - Acceleration

« An object moves with a constant velocity if the magnitude and direction of the

motion is always constant.
« An object experiences changes in velocity if
o the magnitude of velocity changes
o the direction of the motion changes.
o An object that experiences changes in velocity is said to have acceleration.

« An object traveling with a constant acceleration, a, if the velocity changes at a

constant rate.
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4. Equations of Uniform Acceleration

g ™

1
v=u+at S=H!+Eﬂfz

S=;(u+v)r vi=u’+2as

a = acceleration

v = final velocity
u = initial velocity
t = time taken

s = displacement

The above equation is for solving numerical problems involving uniform acceleration.

Summary

Lirnear Motion

Y Y Y
. . Maotion with Motion with
. O:::::tn :;':L constant changing
v by acceleration acceleration
5 v=utar Using Calculus

R 1 (In Additional
s=—(u+vh Mathematics

2 Syllabus)

I,
sS=ut+—al
vi=u’+2as

Ticker Timer

1 tick

i

i L] L] . L] L] %
':\ /:'

2 dots
A ticker-timer consists of an electrical vibrator which vibrates 50 times per second.
This enables it to make 50 dots per second on a ticker-tape being pulled through it.
The time interval between two adjacent dots on the ticker-tape is called one tick.

One tick is equal to 1/50 s or 0.02 s.
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Uniform Velocity

Direction of motion

Lengthicm
A

10

8
6
4

E [ -

Ticks
o The distance of the dots is equally distributed.

« All lengths of tape in the chart are of equal length.

e The object is moving at a uniform velocity.

Uniform Acceleration

Direction of motion

Lengthfcm
A

10

B N

6

4

2= 1 "],

maww

Ticks
o The distance between the dots increases uniformly.

e The length of the strips of tape in the chart increase uniformly.
o The velocity of the object is increasing uniformly, i.e. the object is moving at a

constant acceleration.

Uniform Deceleration

Direction of motion
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Length/cm
A
5
4 L]
3 .
2
1 .

Ticks

o The distance between the dots decreases uniformly.

e The length of the strips of tape in the chart decreases uniformly.

o The velocity of the object is decreasing uniformly, i.e. the object is decelerating
uniformly.

Finding Velocity

Velocity of a motion can be determined by using ticker tape through the following equation:

A
V=—
[
v = velocity

s = displacement
t = time taken

Caution!!!
tis time taken from the first dot to the last dot of the distance measured.

Example 1

- kS
15cm

Diagram 2.4 shows a strip of ticker tape that was pulled through a ticker tape timer that

vibrated at 50 times a second. What is the

a. time taken from the first dot to the last dot?

b. average velocity of the object that is represented by the ticker tape?
Answer

a. There are 15 ticks from the first dot to the last dot, hence

Time taken = 15 x 0.02s = 0.3s
b. Distance travelled = 15cm
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Finding Acceleration
Acceleration of a motion can be determined by using ticker tape through the following
equation:

=
!
a = acceleration
v = final velocity
u = initial velocity
t = time taken

Caution!!!
t is time taken from the initial velocity to the final velocity.

Example 2
Direction
0.5cm 3cm

The ticker-tape in figure above was produced by a toy car moving down a tilted runway. If
the ticker-tape timer produced 50 dots per second, find the acceleration of the toy car.

Answer
In order to find the acceleration, we need to determine the initial velocity, the final velocity
and the time taken for the velocity change.

Initial velocity,
s 3cm _
u:E:m:lﬁﬂcmS 1
s  O.5cm

V=1=T000s = 25cms—1
Time taken for the velocity change,
t=(0.5+4+0.5) ticks = 5 ticks
t=5x0.02s=0.1s

Acceleration, a =
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Example 3
Length/em

1] » "

Ticks

A trolley is pushed up a slope. Diagram above shows ticker tape chart that show the
movement of the trolley. Every section of the tape contains 5 ticks. If the ticker-tape timer
produced 50 dots per second, determine the acceleration of the trolley.

Answer
In order to find the acceleration, we need to determine the initial velocity, the final velocity
and the time taken for the velocity change.

Initial velocity,
_s____bcm 1

U=} =gr0.00s — 20CmST

2 lemn 1

V== 00,028 — L0cmST

Time taken for the velocity change,
t=(25+5+5+5+2.5) ticks =40 ticks
t=40x 0.02s = 0.8s

Acceleration, a:

Displacement - Time Graph
A

displacement/m

.-
timefs

In a Displacement-Time Graph, the gradient of the graph is equal to the velocity of motion.
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Analysing Displacement - Time Graph

A A A
E E =
= = =
c c c
[} [} o}
= = £
8 8 8
& s ke
[=3 [=3 [=3
© © ©

time/s time/s time/s

Gradient =0 Gradient is constant, Gradient is decreasing, hence
Hence, velocity =0 hence, velocity is Uniform velocity is decreasing.

A A
E E
= =
< c
@ [}
= =
8 8
S S
2 2
© ©

time/s time/s

Gradient is negative and
constant, hence velocity is
uniform and in opposite
direction

Velocity - Time Graph

velocity/ms "’

Gradient is increasing, hence
velocity is increasing.

[

-

time/s

e The gradient of the velocity-time gradient gives a value of the changing rate in
velocity, which is the acceleration of the object.
e The area below the velocity-time graph gives a value of the object's displacement.
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Analysing Velocity - Time Graph

A

A
g g
= 2
g 8
2 E
timefs time/s
Uniform velocity Uniform acceleration
A A
g £
= =y
g f:
2 E
time.f; tirne.fls.r
Uniform deceleration Increasing acceleration
A
-'Iﬂ
£
=
5
[oF]
=

-
-

time/ls
Increasing deceleration

Converting a Velocity-Time graph to Acceleration-Time graph

In order to convert a velocity-time graph to acceleration time graph, we need to find the
gradient of the velocity time graph and plot it in the acceleration-time graph.
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Dropping an object from high place

Velocity - Time Graph

Acceleration - Time Graph

o

Y

=
I
1
\

Positive
Direction

}

Acceleration/ms?

Launching Object Upward

Velocity-Time Graph

Acceleration-Time Graph

-
1
|

|

(@)

t

Positive
Direction

Velocity/ms"
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Object moving upward and fall back to the ground

Velocity-Time Graph

Acceleration-Time Graph

Velocity/ms"

B “
I "
I o 0 Tinels
il |

Aceeleration/ms?

Object falling and bounces back

Velocity-Time Graph

Acceleration-Time Graph

1l
|
\l

g /\ y
‘ 0 / I/ V’/ Timels

Acceleration/ms?

Mass

Mass is the amount of matter.
Unit: kilogram (kg)

Type of quantity: Scalar quantity

Inertia

Inertia is the property of a body that tends to maintain its state of motion.
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Newton's First Law
In the absence of external forces, an object at rest remains at rest and an object in motion

continues in motion with a constant velocity (that is, with a constant speed in a straight
line).

Jerking a Card

When the cardboard is jerked quickly, the coin will fall into the glass.

Explanation:

. The inertia of the coin resists the change of its initial state, which is stationary.

. As a result, the coin does not move with the cardboard and falls into the glass because
of gravity.

Pulling a Book

When the book is pulled out, the books on top will fall downwards.

Explanation

Inertia tries to oppose the change to the stationary situation, that is, when the book is pulled
out, the books on top do not follow suit.



Southern Technical University

Pulling a Thread

Load Thread

Pull slowly - Thread A will snap.

Explanation:

Tension of thread A is higher than string B.
Tension at A = Weight of the load + Pulling Force
Yank quickly - Thread B will snap.

Explanation

The inertia of the load prevents the force from being transmitted to thread A, hence causing
thread B to snap.

Larger Mass - Greater Inertia

More difficult to be ==
pushed

Bucket filled with sand is more difficult to be moved. It's also more difficult to be stopped
from swinging.

Explanation
Object with more mass offers a greater resistance to change from its state of motion.
Object with larger mass has larger inertia to resist the attempt to change the state of motion.
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Empty cart is easier to be moved

An empty cart is easier to be moved compare with a cart full with load. This is because a cart
with larger mass has larger inertia to resist the attempt to change the state of motion.

Momentum
Momentum is defined as the product of mass and velocity.
Formula:
P = momentum
m = mass
v = velocity
Unit: kgms-1

Type of quantity: Vector

Example 1
A student releases a ball with mass of 2 kg from a height of 5 m from the ground. What
would be the momentum of the ball just before it hits the ground?

Answer

In order to find the momentum, we need to know the mass and the velocity of the ball right
before it hits the ground.

It's given that the mass, m = 2kg.

The velocity is not given directly. However, we can determine the velocity, v, by using the
linear equation of uniform acceleration.

This is a free falling motion,

The initial velocity, u=0

The acceleration, a = gravirational acceleration, g = 10ms-2

The dispacement, s = high = 50m.

The final velocity = ?

From the equation

V2 = U2 + 2as

v2 = (0)2 + 2(10)(5)

v =10ms-1
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The momentum,
p = mv =(2)(10) = 20 kgms-1

Principle of Conservation of Momentum

The principle of conservation of momentum states that in a system make out of objects that
react (collide or explode), the total momentum is constant if no external force is acted upon
the system.

Sum of Momentum Before Reaction = Sum of Momentum After Reaction

Formula

mu, + myu, =my, +m,v,

m, = mass of the 1" object

m, =mass of the 2" object

u, = initial velocity of the 1" object
u, = initial velocity of the 2" object
v, = final velocity of the 1" object

v, = final velocity of the 2™ object

Example 2: Both objects are in same direction before collision.

A Car A of mass 600 kg moving at 40 ms-1 collides with a car B of mass 800 kg moving at
20 ms-1 in the same direction. If car B moves forwards at 30 ms-1 by the impact, what is the
velocity, v, of the car A immediately after the crash?

Answer

m1 = 600kg
m2 = 800kg
ul =40 ms-1
u2 =20 ms-1
vli=?

v2 = 30 ms-1

According to the principle of conservation of momentum,
mlul + m2u2 = mlvl + m2v2

(600)(40) + (800)(20) = (600)v1 + (800)(30)

40000 = 600v1 + 24000

600v1 = 16000

vl =26.67 ms-1
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Example 3: Both objects are in opposite direction before collision.

A 0.50kg ball traveling at 6.0 ms-1 collides head-on with a 1.0 kg ball moving in the opposite
direction at a

speed of 12.0 ms-1. The 0.50kg ball moves backward at 14.0 ms-1 after the collision. Find
the velocity of the second ball after collision.

Answer:
ml1l=0.5kg

m2 =1.0kg
ul=6.0ms-1
u2 =-12.0 ms-1
vl =-14.0 ms-1
v2="7

(IMPORTANT: velocity is negative when the object move in opposite siredtion)

According to the principle of conservation of momentum,
mlul + m2u2 = mivl + m2v2

(0.5)(6) + (1.0)(-12) = (0.5)(-14) + (1.0)v2

9=-7+1v2

v2 =-2ms-1

Elastic Collision
Elastic collision is the collision where the kinetic energy is conserved after the collision.
Total Kinetic Energy before Collision = Total Kinetic Energy after Collision

Additional notes:
-In an elastic collision, the 2 objects seperated right after the collision, and
-the momentum is conserved after the collision.

Inelastic Collision
Inelastic collision is the collision where the kinetic energy is not conserved after the collision.

Additional notes:
-In a perfectly elastic collision, the 2 objects attach together after the collision, and
-the momentum is also conserved after the collision.

Example 4: Perfectly Inelastic Collision

A lorry of mass 8000kg is moving with a velocity of 30 ms-1. The lorry is then accidentally
collides with a car of mass 1500kg moving in the same direction with a velocity of 20 ms-1.
After the collision, both the vehicles attach together and move with a speed of velocity v.
Find the value of v.

Answer

(IMPORTANT: When 2 object attach together, they move with same speed.)
m1 = 8000kg

m2 = 1500kg

ul =30 ms-1

u2 =20 ms-1
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vli=v
v2=v

According to the principle of conservation of momentum,
mlul + m2u2 = mlvl + m2v2

(8,000)(30) + (1,500)(20) = (8,000)v+ (1,500)v

270,000 = 9500v

v =28.42 ms-1

Rocket

1. Mixture of hydrogen and oxygen fuels burn in the combustion chamber.

2. Hot gases are expelled through the exhausts at very high speed .

3. The high-speed hot gas produce a high momentum backwards.

4 By conservation of momentum, an equal and opposite momentum is produced and
acted on the rocket, pushing the rocket upwards.

Jet Engine
1. Airis taken in from the front and is compressed by the compressor.
2. Fuel is injected and burnt with the compressed air in the combustion chamber.
3. The hot gas is forced through the engine to turn the turbine blade, which turns the
compressor.
4. High-speed hot gases are ejected from the back with high momentum.
5. This produces an equal and opposite momentum to push the jet plane forward.

Newton's Second Law
The rate of change of momentum of a body is directly proportional to the resultant force
acting on the body and is in the same direction.

Implication:
When there is resultant force acting on an object, the object will accelerate (moving faster,
moving slower or change direction).

Force
o Aforce is push or pull exerted on an object.
« Force is a vector quantity that has magnitude and direction.
o The unit of force is Newton ( or kgms-2).

Formula of Force
From Newton's Second Law, we can derived the equation

F =ma
) (IMPORTANT: F Must be the net force)
F = Net force
m = mass

a = acceleration
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Summary of Newton's 1st Law and 2nd Law

Newton's First Law:
When there is no net force acting on an object, the object is either stationary or move with
constant speed in a straight line.

Newton's Second Law:
When there is a net force acting on an object, the object will accelerate.

Example 1
A box of mass 150kg is placed on a horizontal floor with a smooth surface; find the
acceleration of the box when a 300N force is acting on the box horizontally.

Answer
F=ma

(300) = (150)a
a=2ms-2

Example 2

A object of mass 50kg is placed on a horizontal floor with a smooth surface. If the velocity of
the object changes from stationary to 25.0 m/s in 5 seconds when is acted by a force, find the
magnitude of the force that is acting?

Answer

We know that we can find the magnitude of a force by using the formula F = ma. The mass m
is already given in the question, but the acceleration is not give directly.

We can determine the acceleration from the formula

From the formula
F = ma = (50)(5) = 250N
The force acting on the box is 250N.

Effects of Force
When a force acts on an object, the effect can change the

. size,

. shape,

. stationary state,

. speed and

. direction of the object.

Impulse

Impulse is defined as the product of the force (F) acting on an object and the time of action
(®).

Impulse exerted on an object is equal to the momentum change of the object.

Impulse is a vector quantity.
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Formula of impulse
Impulse is the product of force and time.

Impulse = F x t
Impulse = momentum change

Impulse = mv - mu

Example 1

A car of mass 600kg is moving with velocity of 30m/s. A net force of 200N is applied on the
car for 15s. Find the impulse exerted on the car and hence determine the final velocity of the
car.

Answer

Impulse = F x t = (200) x (15) = 3000Ns
Impulse = mv - mu

(3000) = 600v - 600(30)

600v = 3000 + 18000

v =21000/600 = 35 m/s

[500,000N]

Impulsive Force
Impulsive force is defined as the rate of change of momentum in a reaction.
It is a force which acts on an object for a very short interval during a collision or explosion.

Example 2
A car of mass 1000kg is traveling with a velocity of 25 m/s. The car hits a street lamp and is
stopped in0.05 seconds. What is the impulsive force acting on the car during the crash?

Answer:

Effects of impulse vs Force

A force determines the acceleration (rate of velocity change) of an object. A greater force
produces a higher acceleration.

An impulse determines the velocity change of an object. A greater impulse yield a higher
velocity change.

Examples Involving Impulsive Force
Playing football

Playing badminton

Playing tennis

Playing golf

Playing baseball
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Long Jump

b |
o The long jump pit is filled with sand to increase the reaction time when athlete land
on it.
« This is to reduce the impulsive force acts on the leg of the atlete because impulsive
force is inversely proportional to the reaction time.

High Jump

o During a high jump, a high jumper will land on a thick, soft mattress after the jump.
« This is to increase the reaction time and hence reduces the impulsive force acting on
the high jumper.

Jumping
A jumper bends his/her leg during landing. This is to increase the reaction time and hence
reduce the impact of impulsive force acting on the leg of the jumper.

Crumble Zone
. The crumple zone increases the reaction time of collision during an accident.
. This causes the impulsive force to be reduced and hence reduces the risk of injuries.
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Seat Belt

Prevent the driver and passengers from being flung forward or thrown out of the car during
an emergency break.

Airbag

- - ~—
The inflated airbag during an accident acts as a cushion to lessen the impact when the driver
flings forward hitting the steering wheel or dashboard.

Head Rest

Reduce neck injury when driver and passengers are thrown backwards when the car is banged
from backward.

Windscreen

Shatter-proof glass is used so that it will not break into small pieces when broken. This may
reduce injuries caused by scattered glass.

Padded Dashboard

Cover with soft material. This may increases the reaction time and hence reduce the
impulsive force when passenger knocking on it in accident.
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Collapsible Steering Columns
The steering will swing away from driver’s chest during collision. This may reduce the
impulsive force acting on the driver.

Anti-lock Braking System (ABS)

Prevent the wheels from locking when brake applied suddenly by adjusting the pressure of
the brake fluid. This can prevents the car from skidding.

Bumper
Made of elastic material so that it can increases the reaction time and hence reduces the
impulsive force caused by collision.

Passanger Safety Cell
. The body of the car is made from strong, rigid stell cage.
. This may prevent the car from collapsing on the passengers during a car crash.
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Example (1):- The car moves in a straight line such that for a short time

is velocity is defined by v =(3*+2t)ft /s where (t) is in seconds.
Determine its position and acceleration when (t =3) sec. When t=0, s=0

thAUAo ﬂ@ﬂ\mmeﬂmwhuﬁ ‘)\_mﬂ\d‘);m Sl!d
Laie (t = 3) seC. Ledie de_jluiy anage 20a gL (1) V = (3% +2t)ft /s
S=0¢ t=0yss

Solution

V =3%+2

V = d_s = ds =Vdt
dt

: ds :_[;V dt

:ds=j;(3t2+2t)dt

S —0=(t*+t*)-(0+0)
S =(t°+t?)

When t =3sec
S=(3)+(3)

S =27+9

S =36 ft
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V =32+ 2t
dv d

a=—=a=—|()
dt dt

azd—(Btz+2t):>a=6t+2
dt

at t =3sec

a=6*(3)+2

a=18+2

a=20ft/s?

Example (2):- Starting from rest, a particle moving in a straight line has
an acceleration of a=(2-6) m/s®, where (t) is in seconds. What is the

particle’s velocity when ( t=6 sec ) and what is its position when
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(t=11 sec)?

Lo 580 (1) Lo late dlamy aiine ok 8 sl & ety ¢ Sl (e o2 - 1(2) JGa
=11S6C (s 4rase 9 Loy (1= 6 SEC) Letic panall Ao ju
Solution :-

V.=0 , S, =0

a=f(t)
a=2t—-o6

a:d—V:>dv =adt
dt

.'VV dv :I;adt

[ dv = (2t -6)dt

eV t
[ dv =] (2t-6)dt

o faz T y t
v](){?—&}0 =V ] =[t? -6t |
V —0=(t*-6t)-(0-0)

V =t* -6t
When t=6
V =62-6%*6
V =36-36
V =0m/s
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. [t3 et2]
I-5-%)
L 0
. [t3 t £3
ST = E—Stz} S—oz[g—sﬁ]—(O—o)
| 0
3
g g2
3
at t =11 sec
1P

S 7;—%Hf:>8=8&7m
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Example (3):- A freight train travels at V =60(1—e™ ) ft /s where t is

the elapsed time in seconds, Determine the distance traveled in three
seconds, and the acceleration at this time.

Solution

V =f (t)

V :60(1—e‘t)

v =% _ds -V dt = ds :GO(l—e“)dt
dt

_[Osds =J'; 60(1—e ™ )dt
ST, =60[t+e” | =S -0=60[t+e"]-[0+e’]
e’ =1

S =60[t+e " ~1]

a t=3

S =60|3+e°-1]

S =122.98 ft
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V :60(1—e‘t)
V =60-60e"

a=0-60e"*(-)
a=060e""

at t=3
a=60e"°
a=299 ft/s®
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Example (1):- The position of a particle along a straight line is given by

S =(1.5t°-13.5t* +22.5t) ft where t is in seconds. Determine the
position of the partial when t=6 s and the total distance it travels during
the 6-s time interval.

56 i35 A Ly 1 AllaaY) Al £ = 65 (555 Lasic ¢ )

Solution ;

S =1.5t°—13.5t° +22.5¢
At t=6
S =15(6) ~13.5(6)° +22.5(6)
S =-27 ft
S =1.5t°—13.5t° +22.5t
At t=0
S =1.5(0)° -13.5(0)" +22.5(0)
S =0 ft
ds

v =8 v -9 5=y =d—(1.5t3—13.5t2+22.5t)
dt dt dt

V =45t°-27t +22.5
V =0

45t*-27t +225=0
t =1 sec

t =5 sec
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S =1.5t°-13.5t* + 22,5t

At t=1

S =1.5(1)’-13.5(1)" +22.5()
S =105 ft

S =1.5t°—13.5t% +22.5t

At t=5

S =1.5(5)’ —13.5(5)" +22.5(5)
S =-375 ft

d =10.5+10.5+27+10.5+10.5
d =69 ft
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Example (2):- A particle_moves along a straight line such that its
position is defined by S =(t*—6t +5)m, Determine the average velocity,
the average speed, and the acceleration of the particle when t=6 sec.

gl Adau) g dnca se Bt b sy el Jad Jsh o aa d sty - (2) Jla
OF =6 058 ledie auall g jlid g de pull Ja gia g ddas sial) A jull

S =t°-6t+5
At t=0
S =(0) -6(0)+5=5m
S =t’-6t+5
At t=6
S =(6)°-6(6)+5
S =36-36+5=5
AS 0

AS =5-5=0=V_, = = =V, =0
At 6-0

V =2t -6
V =0
2t-6=0

2t=6=>t :g:t = 3Sec
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S =t*’—6t+5

At t=3
S =(3)° -6(3)+5
S =9-18+5
S=-4m
d=5+4+4+5=18 m
V. = d 18

" At 6-0
Vi, =3 m/s

Example (3):- The position of a particle along a straight line path is
defined by S =(t*—6t* 15t +7) ft where t is in seconds. Determine the
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total distance traveled when t=10sec . What are the particle’s average
velocity, average speed, and the instantaneous velocity and acceleration
at this time?

idass gidll apall de yu 4 et = 105eC OsS Ladie de ghaiall 4081 diluall aa
0 ) 1 b g il g Adaalll de yudl s e yud) Jass gia g

Solution

S =t*—6t*—15t +7

V =d—5:3tz—12t —-15
dt
azd—V:Gt—12
dt
V =3t*-12t —-15
a t=10

V =3(10)° —12(10)-15
V =165 ft /sec
a=>6t-12

a t=10
a=6(10)-12
a=600-12

a=48 ft /s
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ity

S =t>—6t°—15t +7

a t=0

S =(0)’-6(0)" -15(0)+7
S =7ft

S =t>—6t°—15t +7

a t=10

S =(10)° —6(10)° —15(t)+7
s =257 ft

V =3t2-12t -15

V =0
3t?-12t -15=0
t=5 t=-1

S =t>—6t°—15t +7

at t=5

S =(5)’-6(5)" -15(5)+7
S =-93 ft

d =7+93+93+7+250=450 ft
y _As_257-7 250

YAt 10-0 10

Vg, = d =450:45m/s
At 10

25

m/s
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Simple Strain

Simple Strain: A strain is the ratio of the change in length caused

by the applied force, to the original length:

sba¥) Jshall ) ddaliall 3 gl Cas Jodall (8 il dus g ¢ Jasead) Jlady)

Strain (€ ) :
The deformation per unit length .

ol
eE=—

L

€ : Strain ( without units )
Ol change in length (mm)
L. : original length (mm)

e —
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Strain (€) (0si'): The deformation per unit length:

b san 5 S o sl -3 shaeanl) (€ ) Jlai)

The strain:- means the change in length divided on the original length

before deformation.

o550 0 Aigall L) gl e Lo i Jshall 6 il pae Jladi¥l aucyg

Simple strain

Deformation : O

which means dimensional o

change. O Straln

N Stress
O'hternal Tension: Compression:
P
& y forces
£ External
forces

Stress-Strain Diagram
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Metallic engineering materials are classified as either ductile or brittle

materials. A ductile material is one having relatively large tensile strains up

to the point of rupture like structural steel and aluminum, whereas brittle

materials has a relatively small strain up to the point of rupture like cast iron

and concrete.

e s sind ble & Aldaall salal) Ada ) dAlkae o) ge Ll e dpaeall dpnnigh) o) sall Caiial
A gall o Cpn 8 ¢ asaial¥) 5 ALEYT A sl e (8 i) ddati ) i G 35S 05 YLl
Al Al s a5l aaall Jie 3 el s ) Jeay Gasd piea Jladi) Ll 23]

Simple strain

Stress

Ductile Material Stress-Strain Curve
low carbon steel

Strain Hardening Necking
= Fracture
Proportional limit B ;
| Paint
i =
v (= Ultimate Strength
Elastic ; :
it - Yield Paint
Plastic
region
I ) | <
Strain

Young's Modulus or Modulus of Elasticity
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Hook’s law states that when the material is loaded within elastic limit ,
the stress is proportional to the strain.

09S¢ e Gania Balall Jaaad o Ladie ) e ol ga 98 Laby -1l A gylﬁ
Agay!) ae Lyl Gl Tzl

cxe=o0=E¢

O _ p/A
g OLI/L
o E*SL*A
=TSLA T L P
L
PxL —E *§SL *A
- P7L
SL*A

E : Young Modulus , or modulus of elasticity (N / mm2).
P = Axial compressive force acting on the body.

A = Cross-sectional area of the body,

L = Original length, and.

0 = Decrease in length.
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Table 4.1.Values of E for the commonly used engineering materials.

Material Modulus of elasticity (E) in GPa i.e. GN/m’ or kN/mm’

Steel and Nickel 200 to 220

Wrought iron 190 to 200

Cast tron 100 to 160

Copper 90 to 110

Brass 80 to 90

Aluminium 60 to 80

Timber 10

Shear Modulus or Modulus of Rigidity
The shear stress is directly proportional to shear strain

T
Ty or G=—
P

@ = shear strain

T= shear stress

G = modulus of rigidity

Table 4.2. Values of Cfor the commonly used materials.

Material Modulus of rigidity (C) in GPa i.e. GN/m’ or kN/mm’
Steel 80 to 100

Wrought iron 80 t0 90

Cast ron 40 to 50

Copper 3010 50

Brass 30to 50

Timber 10

Example (1) :
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A rod 100 cm long and of 2cm X 2cm cross section is subjected to a

pull of 1000 kg force . if the modulus of elasticity of the material is

6 .
2*10 ka/cm2 , Determine the elongation of the rod ?

OIS 13) 228 1000 358 ol plady a2 X a2 (a e pdalag aw 100 Mgk i
i) AUt dyaady aBd ¢ 2 ams / adS Balal) A g ja Jalaa

Solution :
=100 cm ,A=2*2=4cm’ ,P=1000kg, E=2*10°
51 L0 10007100 4 155 o,

AE  4%2%10°

Example (2) :
A load of 5 KN is to be raised with the help of a steel wire . Find the

minimum diameter of the steel wire if the stress is not to exceed
100 MN / m~"2?

Solution :
P=5SKN=5000N,G=100MN/m’=100 N / mm’
P 5000
oc=— [__>100=—""" ——>d=7.98 ~8mm
A i(d 2 )
4
HOME WORK : )

1 — Determine the elongation of the steel bar 1 m long and 1.5 cm’ cross-sectional
area , when subjected to a pull of 1500 kg . Take E =2*10°kg/ cm’ ?

2 — A brass rod 2 cm diameter and 1.5 m long is subjected to an axial pull of
4 tonnes . Find the stress , strain and elongation of the rod , if the modulus of
elasticity for the brassis 1.0%10° kg / cm’ ?

3 — A cast iron column has internal diameter of 200 mm , What should be
the minimum external diameter so that it may carry a load of 1.6 MN , without
the stress exceeding 90 N/ mm’ ?
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Example (1) :-
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Determine the elongation of the steel bar (1 m) long and

(1.5cm?®) cross-sectional area , when subjected to a Pull of

(1500 kg) . Take (E =2*10°)kg /cm?5

Solution:-
x*
Sl — P*L
E*A
5 1500*1*100 _ 150000
2*10°*1.5 3000000
oL =0.05cm

Example (2):-
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A Dbrass rod (2 cm) diameter and (1.5 m) long is subjected to an

axial pull of (4 tonnes) . Find the stress , strain and elongation of

the rod , if the modulus of elasticity for the brass is

1.0*10° kg /cm? 5

Solution :-
* *
y_P __P 41000 4<1000 4000 _ i aos yosom:
A 7Z-d 2 7[(2)2 54 T
4 4 4
c=Esme=T 21232 00127324
E 1*10

£ = 5TL = oL =¢*L =0.00127324*1.5*100

oL =0.2 cm

Example (3):-



Southern Technical University

A cast iron column has internal diameter of (200 mm) , What

should be the minimum external diameter so that it may carry a

load of (1.6 MN) , without the stress exceeding (90 N /mm?) 7

ohall oV aall 4 Lecae 200 A2la shaiy ja 50 aaad) (e 2 see 23(3) Jlie
i3 90 MY sl o 052 ¢ MN 1.6 Ases Josy O (S Sy o2 )18
2 aa/

Solution :-

J:E:P =o*A
A

P :a*%(dj—df)
* — *7[*
1.6*10° =90* 7 (d2 —(200)’)

1600000 = 90*%*(d02 ~40000)

160007(30 —d? — 40000 = 12(())207(30
90> —
4 4

*
1600000*4 N doz _ 40000 = 22635.4
0*rx

d? =22635.4+40000 = d’ = 62635.4 =d_ =/62635.4
d, =250.2 mm

dZ — 40000 =

dZ — 40000 =
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Torsional shear stress

Torsional shear stress:- is that occurs by external twist or

torgue that called torsion stress.

ase sl Al o) sV 3ok e Gy o s 1l SN b Mgl
o) el alga) e L.,SM\ Oy sl

T *r
T, = ]
Where:

r, . Torsional shear stress. N /m?
T : Torque. (N.m)

r . Radius. (m)

J : Polar moment of inertia (m*)
T=F*r

F:force N

r: force arm m

where
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{ 1>
A

&) e

a) (J) Polar moment of inertia for (solid shaft)

)

FIG-A: Solid Shaft
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T 14

32

b) (J) Polar moment of inertia for (hollow shaft)

FIG-B : Hollow Shaft

32(o|4 d/’)

d, :external diameter (outer) m
d. :internal diameter (inter) m _

Example (1)
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Determine the maximum torque that can be applied a hollow circular
steel shaft of (100 mm) outer diameter and an (80 mm) inside diameter
without exceeding a torsional shear stress use (60 MPa)?

A ki Cisae (5 il (3 dgee o atuhi (K aje ol aaad ] JU
L 60) SV gadll alga) aladiul H4ad e (e 80) A3 skds (a0 100)

(Sl

Solution
* *
TS=T r:>rS*J:T*I’:>T:Ts )
J r
T
7 *32(do4_di4) z's*;r(do4—di4) Ts*ﬂ(do4—di4)
T = = —
d 2ol 16%d
2

. 60* 7 *(100* —804)
B 16*100

=6951960 N .mm
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Example (2)

A steel solid shaft (3 m) long that has a diameter of (4 m). is subjected
to a torque of (15 N-m) . Determine the maximum shearing stress?

(e Gis 15) Olos plad s (p 4) D8 (p 3) sk lall (e 350 12 Jb
¢ il alga) ol Baa3

T*r 15%*2 15%*2

Tmax = - -
J ﬁ*d 4 1*(4)4
32 32
Ty = rrinennens N /m?
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Shear & Moment in Beams

DEFINITION OF A BEAM

A beam is a bar subject to forces or couples that lie in a plane containing the
longitudinal of the bar. According to determinacy, a beam may be determinate or

indeterminate.

STATICALLY DETERMINATE BEAMS

Statically determinate beams are those beams in which the reactions of the supports
may be determined by the use of the equations of static equilibrium. The beams shown

below are examples of statically determinate beams.

N

[ Ezi

Cantilever Beam

1" M
i E=

Simple Beam

w (N/m) pl
L e
==

Overhanging Beam

STATICALLY INDETERMINATE BEAMS
If the number of reactions exerted upon a beam exceeds the number of equations in

static equilibrium, the beam is said to be statically indeterminate. In order to solve the
reactions of the beam, the static equations must be supplemented by equations based
upon the elastic deformations of the beam.

The degree of indeterminacy is taken as the difference between the umber of reactions
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propped beam shown, there are three reactions Ry, R,, and M and only two equations

(XM = 0 and sum;F, = 0) can be applied, thus the beam is indeterminate to the first

degree (3 -2 =1).

1 p w (N/m)

Propped Beam M
R1 R2
wa (N/m)
7 %
Z
A Z
Fixed or Restrained Beam
: P, 22 Ps
v N/ w2 (N/m l 1
Ll - V.
s s L L

Continuous Beam

TYPES OF LOADING

Loads applied to the beam may consist of a concentrated load (load applied at a point),

uniform load, uniformly varying load, or an applied couple or moment. These loads are

shown in the following figures.

lp‘ P, 1 w (N/m)
[ |
& &
Concentrated Loads Uniform Load
w (N/m) "

Uniformly Varying Load Applied Couple
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Shear and Moment Diagrams

Consider a simple beam shown of length L that |'_ X = w(N/m)
carries a uniform load of w (N/m) throughout its L ' L A | A A ‘ Lobidod l
length and is held in equilibrium by reactions R, L C L
and R,. Assume that the beam is cut at point C a TR, -
distance of x from he left support and the portion of l‘_ X ‘
the beam to the right of C be removed. The portion o (-N/m)
removed must then be replaced by vertical A )M

:

shearing force V together with a couple M to hold
the left portion of the bar in equilibrium under the Ry

action of R; and wx. The couple M is called the resisting moment or moment and the
force V is called the resisting shear or shear. The sign of V and M are taken to be

positive if they have the senses indicated above.

Solved Problems in Shear and Moment Diagrams

INSTRUCTION

Write shear and moment equations for the beams in the following problems. In each
problem, let x be the distance measured from left end of the beam. Also, draw shear
and moment diagrams, specifying values at all change of loading positions and at points

of zero shear. Neglect the mass of the beam in each problem.

Problem 403

Beam loaded as shown in Fig. P-403.

30 kN 50 kN

Y

K ——

1 3m 2m
Figure P-403

A
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%

From the load diagram:
IMe=0
5Rp + 1(30) = 3(50)

Rp=24 kN
>Mp=0
5Rg = 2(50) + 6(30)
Rz =56 kN
30 kN
Segment AB: L
Vas = -30 kN A=
Map = -30x kN-m ke
Segment BC: 30kN
Vec=-30 + 56 J 5 |
=26 kN A
Mpc=-30x +56(x -1)
= 26x - 56 kN-m ‘
Im
i M Rg = 56 kN
8 Segment CD: ¢
30“"'8 SOkN‘C Vep = -30 + 56 - 50
A [ 3 =-24 kN
3 _I M =-30x +56(x - 1) - 50(x - 4)
im 3m i = -30x + 56x - 56 - 50x + 200
Re = 56 kN =-24x + 144
30 kN SO.kN To draw the Shear Diagram:
C D (1) In segment AB, the shear is
load A | ?ﬁ : uniformly distributed over the
Diagram 3 riiw segment at a magnitude of —30
kN,
L j‘ | 4 (2) In segment BC, the shear is
“Im | am N o ool uniformly  distributed at a
| Ry =56kN ; = 24 kN magnitude of 26 kN.
i % : : " ' (3) In segment CD, the shear is
i ! 26 kN ' i uniformly  distributed at a
i : i magnitude of =24 kN.
Shear . E
Diagram A ] To draw the Moment Diagram:
(1) The eguation M, = -30x is
linear, at x = 0, My = 0 and at
X =1m, Myg =-30 kN.m.
(2) Mge = 26x — 56 is also linear.
At x = 1m, Mg = -30 kN-m; at
X =4m, Mg = 48 kN-m. When
Moment Msc = 0, x = 2.154 m, thus the
Diagram moment is zero at 1.154 m

(3)

from B.

Mep = —24x + 144 is again
linear. At x =4 m, Mcp = 48
kN-m; atx=6m, Mg = 0.
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Beam loaded as shown in Fig. P-404.

2000 Ib

M = 4800 Ib-ft

o}
3ft 6 ft 3ft

Ra Ro
Figure P-404
Solution 404
SMs=0 YMp=0
12Rp + 4800 = 3(2000) 12R4 = 9(2000) + 4800
Rp=1001b R4 =19001b
Segment AB: A,
Vag = 1900 1b AN
Maz = 1900x 1b-ft Ry = 1900 |b
Segment BC: 3R 2000 Ib
Ve = 1900 - 2000 —'1 .
=-1001b A y
Mjzc = 1900x — 2000(x - 3) ‘ ) |
= 1900x - 2000x + 6000 kS A——
= -100x + 6000 X
2000 b Segment CD:
e 3t _%_ 6ft — ) Vep = 1900 - 2000
A v8 o W, =-1001b

-

Ry =1900Ib

2000 1b

A ]

) |
M = 4800 |b-ft ="

)

& X

Mecp = 1900x - 2000(x - 3) — 4800
= 1900x - 2000x + 6000 — 4800
= ~100x + 1200

M = 4800 |b-ft

Cw
*

To draw the Shear Diagram:

D
Load (1) At segment AB, the shear is

Ry = 1900 b
1

i 1900 Ib

T 3q |
*

,]:t 3ft Diagram uniformly distributed at 1900 Ib.

(2) A shear of =100 Ib is uniformly
distributed over segments BC
and CD.

RD =100 1Ib

To draw the Moment Diagram:
(1) My = 1900x is linear; at x = 0,
Mag = 0; at x = 3 ft, Mge = 5700

Shear

Diagram
9 Ibft,

5700 Ib-ft

—-100 Ib

(2) For segment BC, Mae = —100x +
6000 is linear; at x = 3 ft, Mg =
5700 Ibft; at x = 9 ft, Mac
5100 Ib-ft.

Moo —-100x + 1200 is again
linear; at x = 9 ft, Mep = 300
Ibft; atx =12 ft, Mg = 0.

(3)
Moment
Diagram
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Beam loaded as shown in Fig. P-405.

80 kN
l 10 kN/m

| B

N om T 3 A
A " " Re
Figure P-405
Solution 405
2Ma=0 2Mc=0
10R-= 2(80) + 5[10(10)] 10R4 = 8(80) + 5[10(10)]
=66 kN Ri=114 kN
10 kN/m Re <
A ' Segment AB:
b ] Vap=114 -10x kN
Ra = 114 kN Map =114x - 10x(x/2)
=114x - 522 kN-m —
Segment BC: 2m
gn; . I 8 10kN/m
Ve-=114 -80 - 10x
-34-10x kN AV b
Mpe=114x - 80(x - 2) - 10x(x/2) 4
=160 + 34x - 512 cu— _*I
80 kN Ry= 114 kN
l 10 kN/m
To draw the Shear Diagram:
A Load (1) For segment AB, Ve = 114 — 10x
18 C & Diagram isfn;ar; ‘alt X = 92'12:’4" = 14 kN; at
s am A (2) ’\;_ ?:1 *10x for segment BC is
sc = 34 —

Ry =210k Rez=6:kdt linear; at x = 2 m, Vee = 14 kN; at
1 . : x =10 m, Vec = —66 kN. When Vec
i i i =0, x = 3.4 mthus Vgc = 0 at 1.4

! m from B.

E To draw the Moment Diagram:

e (1) Mpe = 114x — 5x* is a second
E degree curve for segment AB; at x
; SD'.'“' =0, Mg =0;atx=2m, Mg=
I .- 208 kN-m.
E (2) The moment diagram is also a
E second degree curve for segment
! BC given by Mec = 160 + 34x —
2 5x% atx =2 m, Mg = 208 kN-m;
E atx =10m, Mg = 0.
E Misnent (3) Note l:hatt the- Taxoifmum mt:zt
: - occurs at poin zero r
37 DIBORAM | e st x = 34 m, My = 217.8

kN-m.
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Beam loaded as shown in Fig. P-406.

900 Ib 400 Ib
‘ 60 Ib/ft l
A D
|8 g I
Foag T 8ft T ek
Ra Re
Figure P-406
Solution 406
>Ma=0
12R- = 4(900) + 18(400) + 9[(60)(18)]
R-=17101b
SMc=0
12Ra4 + 6(400) = 8(900) + 3[60(18)]
Ra=6701b
Segment AB: 60 Ib/ft
Vair =670 - 60x 1b A ‘
Mg = 670x - 60x(x/2) ->|
= 670x - 3022 Ib-ft :
900 Ib Ry=6701b
r— " ﬂl 60 Ibjft Segment BC:
111 ll Ve = 670 - 900 - 60x
A ‘ =230 - 60x Ib
— x —i Mac = 670x — 900(x - 4) — 60x(x/2)
Ra=6701b = 3600 - 230x — 30x2 Ib-ft
i % , Segment CD:
900 Ib Ve =670 + 1710 - 900 - 60x
Y 60 Ibjft = 1480 - 60x 1b
i b LLLILLIIL LY Mo =670k + 1710 - 12)
3 oy -900(x - 4) - 60x(x/2)
€ 4 ft —>pe—— 8 ft —— ~16920 + 1480x - 3022 Ib-ft
Ry =670 Ib Re = 1710 1b




Problem 407

Re=17101b
1

760 Ib

Moment
Diagram

Southern Technical University

To draw the Shear Diagram:

(1) Vae = 670 — 60x for segment AB is
linear; at x = 0, Vas= 670 Ib; at x
=4ft, Vea=4301b.

(2) For segment BC, Va: = —230 — 60x
is also linear; at x= 4 ft, Vg = —
470 Ib, at x = 12 ft, Ve = —950 |b.

(3) Vep = 1480 — 60x for segment CD
is again linear; at x = 12, Voo =
760 Ib; at x = 18 ft, Vep = 400 Ib.

To draw the Moment Diagram:

(1) My = 670x — 30x° for segment AB
is a second degree curve; at x =
O,Mu=0;atx=4ﬂ:,M‘.=2200
Ib-ft.

(2) For BC, Mge = 3600 — 230x — 30x%,
is a second degree curve; at x = 4
ft, Mg = 2200 Ibft, at x = 12 ft,
Mg = —3480 Ib-ft; When My = 0,
3600 — 230x — 30x* = 0, x = —
15.439 ft and 7.772 ft. Take x =
7.772 ft, thus, the moment is zero
at 3.772 ft from B.

(3) For segment CD, Mcp = —16920 +
1480x — 30x° is a second degree
curve; at x = 12 ft, Mp = —3480
Ibft; atx = 18 ft, Mp = 0.

Beam loaded as shown in Fig. P-407.

Figure P-407

D
B C
3m 2m iIm
Ry

30 kN/m

Solution 407

SMa=0
6Rp = 4[2(30)]
Rp =40 kN

Segment AB:
Vap=20kN

Mag=20x kN-m

>Mp=0
6R4 = 2[2(30)]
Ra=20kN

X —
Ra =20 kN
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30 kN/m Segment BC:
3m 5 ‘I' Vec=20-30(x-3)
A“ 3 =110 - 30x kN
: - ;! Mezc = 20x - 30(x - 3)(x - 3)/2
Ry =20 kN =20x - 15(x - 3)2
0 kN Segment CD:
" sl LI ; Vep =20 - 30(2)
Iy | _(:4 =-40 kN
N e %M B 21D J Mcp = 20x - 30(2)(x - 4)
3 2 = 20x - 60(x - 4)
| |
30 kN/m
mw To draw the Shear Diagram:
A by . vl A% D] Load (1) For segment AB, the shear is
Iy B T Diagram uniformly distributed at 20 kN.
€ im 2!‘ 2’m ,I‘ 1 m,t (2) \alt.c = 1310 —v30x fgg iigmetnt BCS;
= ' = X=3m, Vgc = patx =
Ra=20kN ; Rp 40N m, Vec = —30 kN. For Vgc = 0, X =
5 ; : : 3.67 m or 0.67 m from B.
' 20 kN i ; ! (3) The shear for ssgment CD is
\ E E Shear uniformly distributed at —40 kN.
L_,g DHagram To draw the Moment Diagram:
; (1) For AB, Mg = 20x; at x = 0, Mg =
0; at x = 3 m, My = 60 kN-m.

(2) Mee = 20x — 15(x — 3)* for
segment BC is second degree
curve; at x = 3 m, Msc = 60 kN-m;
at x = 5 m, Mgc = 40 kN-m. Note
that maximum moment occurred

:;Ii(;ment at zero shear; at x = 3.67 m, Mgc
. = 66.67 kN.m.

(3) Mg = 20x— 60(x — 4) for segment
BC is linear; at x = 5 m, Mg = 40
kN-m; atx =6m, M = 0.

Problem 408
Beam loaded as shown in Fig. P-408.
o 20 kN/m
A D
B C
2m —-It-— 2m —->|<— 2m
R

¥ Figure P-408
Solution 408

IMs=0 XMp=0

6Rp = 1[2(50)] + 5[2(20)] 6R4 = 5[2(50)] + 1[2(20)]

Rp =50 kN Ri=90kN
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Segment AB: 50 kN/m
Vae =90 - 50x kN
Magp =90x - 50x(x/2) :

A )
= 90x - 25x° ? . _’I

R, = 90 kN
Segment BC:
Vac = 90 - 50(2)
= _10kN
M;c = 90x - 2(50)(x - 1)
= -10x + 100 kN-m
Segment CD:
20 kN/m Vep = 90 - 2(50) - 20(x - 4)
| = _20x + 70kN
B c Mcp = 90x - 2(50)(x - 1)
f— 2m —) ~20(x - 4)(x - 4)/2
= 90x - 100(x - 1) - 10(x - 4)?

= -1022 + 70x - 60 kN-m

To draw the Shear Diagram:
(1) Vae = 90 — 50x is linear; at x = 0, Vi

= 90 kN; at x = 2 m, Vg = —10 kN.

When Vg =0, x=1.8m.

(2) Vg =—10 kN along segment BC.

(3) Voo = —20x + 70 is linear; at x = 4
m, Veo =—10kN; atx =6 m, Voo =—
50 kN.

To draw the Moment Diagram:

(1) Mas = 90x — 25x% is second degree;
atx=0,Me=0;atx=18m, Mg
=81 kNm; at x =2 m, My = 80
kN-m.

(2) Mgc = —10x + 100 is linear; at x = 2
m, Mg = 80 kN-m; at x = 4 m, Mg =
60 kN-m.

(3) Moy =—-10x* + 70x — 60; at x =4 m,

Meo = 60 kN-m; at x = 6 m, Mep = 0.
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—Problem409

Cantilever beam loaded as shown in Fig. P-409.

Figure P-409
Solution 409
Segment AB:
Vap = —wox We
Mag = -wax(x/2) AV Yy
= off 2 | I
= — 5 WX
Z e x>
Wo Segment BC:
AYYVVYYVVY¥E Ve = -wo(L/2)

Mpc = -wo(L/2)(x - L/4)
= —Lwdlx + 3 wd?

Wo .
\ To draw the Shear Diagram:
Load (1) Vae = —wex for segment AB is finear; at x = 0, Vas

1 Diagram = 0; atx = 1/2, Vig = — 3 wol.
__,J (2) At BC, the shear is uniformly distributed by —
+ wol.

| Shear
{ Diagram

To draw the Moment Diagram:

(1) Mag = -% wox” is a second degree curve; at x =

0,Mge=0; atx = L/Z, Mgg = _JBL WoLz.

Moment

==L
Diagtam (2) Mgc -t WOLX +

% w,L* is a second degrese; at

X = L2, Mpe = =S wL% at x = L, Mg = —
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—Problem410

Cantilever beam carrying the uniformly varying load shown in Fig. P-410.

Figure P-410

Solution 410
S L
X L
w, Ly
Y= —Xx F L3 o
y= < o
F;= Luxy y :
1 (wo ]  L-x
e B Ii— x —>
2 \\L ]}
= w_o.‘xz
2L
Shear equation:
V= —&x2
2L
Moment equation:
w 5 )
M=—g~x1-'x=—lx§/—° 2 ]
\ 2L
_F _ W, 3
R
e 6L
)
I Lc?ad To draw the Shear Diagram:
D ——r ADtagram w
V=- 2: x* is a second degree curve;

atx=0,V=0;atx=LV=-1wl

To draw the Moment Diagram:

Wo 3. 3
M= —6—x is a third degree curve; at
L

x=0,M=0;atx=0LM=—2wel’

Moment
Diagram

= % 2
5 Wel
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—Problem411

Cantilever beam carrying a distributed load with intensity varying from wo at the free

end to zero at the wall, as shown in Fig. P-411.

Solution 411

Wo

-
-

-—
S
L.
..
-~

Wo

L
Load Diagram

s —

/

> degree

Shear Diagram —3 W.lL

]

3" degree

- .§. w°|_2
Moment Diagram

To draw the Shear Diagram:

V= Yo x2
2L
upward second degree curve; at x
=0,V=0;atx=L V=-3wLl
To draw the Moment diagram:

— WX is a concave

w w

M=-—2x% + —2 4% isin third
2 6L

degree; atx =0, M =0; atx = L,

M=—2wl>

y_ _®
L-x L
y= —2(L-x)

= Ex; w, -—(L—x)-‘
1 [
= Etl w,—w, w-—"le
= &1‘2
2L
Fa=xy= xl %(L—x)]
[ 2
melr—=x:
TN )
Shear equation:
V=-F-F=-—22y? - Do(rx—x?)
2L L
= Doy wx + Yo y2
2L L
2L

Moment equation:
M=-3xF - 4xF2

- —X

1 wg o
5 [T(Lx b ):l

1 [ wo 2 ]
=-—x —=x
3 (2L
= Bop3 B,
3L 2
_Be2, W
2 6L
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—Problem412

Beam loaded as shown in Fig. P-412.

Figure P-406
800 Ibfft
A D
|B ¢ |
I ¢ 4 B
Ra 2ft 4 fr Re 2ft
Solution 412
SM4=0 SMc=0
6R: = 5[6(800)] 6R 4 = 1[6(800)]
R =4000 Ib R4=8001b
A Segment AB:
[ X Vaz = 800 1b
Ra =800 1Ib Map = 800x
| 800 Ib/ft Segment BC: : )
4—2&——1 l | Vpc=800-800(x - 2
A Shdiuy = 2400 - 800x
E . Mg = 800x — 800(x - 2)(x - 2)/2
R, = 800 Ib = 800x —400(x - 2)
Segment CD:
800 Ib/ft
llllllilll Vo = 800 + 4000 - 800(x - 2)
A B Y = 4800 - 800x + 1600
Cci =
t‘_zﬁ_,l, - F = 6400 - 800x
le % = 800x + 4000(x - 6) — 400(x - 2)*
800 Ib/ft

LT e

Jlill1]

A
l Ch D | Diagram | To draw the Shear Diagram:
’1— 2ft 4ft — 21t (1) 800 Ib of shear force is uniformly
Ra=8001b Re = 4000 |b distributed along segment AB.
) i : (2) Vge = 2400 — 800x is linear; at x = 2 ft,
i " ' Vec = 800 Ib; at x = 6 ft, Vec = —2400
: 800Ib ! 1600 Ib lb. When Ve = 0, 2400 — 800x = 0,

\ Shear

N -2400 Ib

' Diagram

—-1600 |b-ft

1
1
i
1
i
1
'
1
l
|
1
1
i
1
i
oy
{1
i

thus x = 3 ft or Vac = 0 at 1 ft from B.
(3) Vep = 6400 — 800x is also linear; at x =
6ft, Voo = 1600 |b; at x =8 ft, Vac = 0.

To draw the Moment Diagram:

(1) M,z = 800x is linear; at x = 0, My = 0;
atx = 2 ft, My = 1600 Ib-ft.

(2) Megc = 800x — 400(x — 2)* is second

degree curve; at x = 2 ft, My = 1600

Ib-ft; at x = 6 ft, Mac = —1600 Ib-ft; at x

=3 ft, Mg = 2000 Ibft.

Mo = 800x + 4000{x — 6) — 400{x — 2)*

is also a second degree curve; at x = 6

ft, M = —1600 Ibft; at x = 8 ft, My =

0.

(3)



Southern Technical University

Problem 413

Beam loaded as shown in Fig. P-413.

Figure P-413
100 Ibjft

M = 1200 Ibft

2ft 4 ft 1ftl1ft

Solution 413
SMe=0
6Rg = 1200 + 1[6(100)]
R:=3001b

2Me=0
6Rz + 1200 = 5[6(100)]
Re =300 1b

Segment AB: 100 Ib/ft

VAB =_-100x 1b

Map=-100x(x/2) | "
= -50x21b-ft -

100 Ib/ft

- ( Segment BC:
g B Ve = -100x + 300 1b
Re = 300 Ib Mz =-100x(x/2) + 300(x - 2)
X N = -50x2 + 300x - 600 Ib-ft

100 Ibjft Segment CD:

l | Vep = -100(6) + 300
apbb b LWL PLLLERELE 7 7

'jm_ip_" sk _S|J Mp = -100(6)(x - 3) + 300(x - 2)

= -600x + 1800 + 300x - 600

Rg =300 Ib
fe X > = -300x + 1200 1b-ft
Segment DE:
100 Ibjft Vpe = -100(6) + 300

STV TIPSR - 3001

* Mpe = -100(6)(x - 3) + 1200 + 300(x - 2)
— 2 ft e

g c 0w
4 4ft >e ' = _600x + 1800 + 1200 + 300x - 600
s = -300x + 2400




Southern Technical University

100 Ibjft

M = 1200 |bft

r TN E To draw the Shear Diagram:

C Dw” Load (1) Ve =-100xis linear; at x = 0, Vg =
1'»|<- 1'4 Diagram 0; at x = 2 ft, Vag = —200 Ib,

curve; at x= 0, Mag = 0; at x = ft,
Mae = —200 |b-ft.

(2) Mge = —50x* + 300x — 600 is also
second degree; at x = 2 ft; Mac = —
200 Ibft; at x = 6 ft, Mge = —600
Ib-ft; at x = 3 ft, Mg = —150 |ft.

! Re=300Ib ' Re=3001Ib {2) Vac = 300 — 100x is also linear; at x
! ' ' : ' =2 ft, Vec = 100 Ib; at x = 4 ft, Vac
' : P ; =300 Ib. When Vee = 0, x = 3 ft,
i 100 1b; 5 5 5 or Ve =0 at 1 ft from 8.

] \ i ' ] (3) The shear is uniformly distributed at
' Shear -300 Ib along segments CD and DE.

\ Diagram

E —200 Iby To draw the Moment Diagram:

' : = - Z j

: <1—&->. —300 Ib (1) Mg 50x* is a second degree
|

i

i

i

300 Ibft \

Moment

N : Disgram (3) Mep = —300x + 1200 is linear; at x =
-200 Ib-ft 6 ft, M = —600 Ibft; at x = 7 ft,
—-150 Ib-ft Mco = —900 |bft.

{4) Mg = —-300x + 2400 is again linear;
atx =7 ft, Mge = 300 Ibft; at x =8
ft, Moe = 0.

-900 |bft

Problem 414

Cantilever beam carrying the load shown in Fig. P-414.

Figure P-414

Solution 414
Segment AB: 2 kN/m

VAB = -2x kN
MAB - _21:(1./2) A @E

" |
F i Fsz =2 kN-m I(' =
1 -l
lliliNl/rI l - Al ;:y:___g:: Segment BC:
i - 2 kN/m y 2
e — 2 m —e X—2 = =2 3
N % = %(1 -2)
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Fi=2x
1:2= %(x-z)y
= 1(x-2)[3(x-2)]
= +(x-2)?
Vec=-F1-F2
R
Mspc=—-(x/2)F1- +(x -2)F2

~(x/2)(2x) - 3 (x-2[5(x-2)]
- b -2p

|
12" degree N
i

To draw the Shear Diagram:
(1) Vag=—2xislinear; atx =0, Via = 0; at x =2 m, Vg
=—4kN.

(2) Vge =—2x— %(x—z)zisaseconddegreecurve;atx
=2m, Vge =—4kN; at x =5 m; Vae =—13 kN.

Shear Diagram

To draw the Moment Diagram:
(1) My = —x*is a second degree curve; at x = 0, Myg = 0;
atx=2m, My =—4 kN-m.

(2) Mge = —x*— -;;- (x — 2)% is a third degree curve; at x =
2 m, Mg: = —4 kN.m; at x = 5 m, Mg = —28 kN-m.

& |

—28 kN-m
Moment Diagram

Problem 415

Cantilever beam loaded as shown in Fig. P-415.

Figure P-415
20 kN/m

A
B & D
3m 2m 2m

40 kN

Solution 415
Segment AB: 20 kN/m

va=-20xkN ]

Map =-20x(x/2) A
= —10x2 kNm @~ X e
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Segment BC: 20 kN/m

Vac : —ig(li-)\l A _mlllllllm .
Mzc =-20(5)(.r -1.5) = —B’l_J

20 kN/m =-60(x - 1.53) kN-m

ERRARARRRRAR

X . 3 Segment CD:
e—— 3m —-|<-2m—-1 Vo =-20(3) + 40
40 kN =-20kN
€ X 4| Meop= —20(3)(.1' -1.5) + 40(.’( -5)

=-60(x - 1.5) + 40(x - 5)
20 kN/m

Libbidybibiil :
. T To draw the Shear Diagram

B| Cd DY | (1) Vs = —20x for segment AB is linear; at
p 3 L x=0,V=0;atx=3m,V=—60kN.

Yeow: 40 kN i | (2) Vee = =60 kN is uniformly distributed
I.oa«ll Diagram ; ; along segment BC.
! ! i | (3) Shear is uniform along segment CD at
; 1 ‘ —20 kN.
—20 kN To draw the Moment Diagram

(1) M, = —10x* for segment AB is second
degree curve; at x = 0, Mag = 0; at x
=3m, Mg =-90 kN-m.

(2) Mg = —60{x — 1.5) for segment BC is
lingar; at x = 3 m, Mg = —90 kN-m; at
X =5m, Mg: =-210 kN-m.

(3) Mep = —60(x — 1.5) + 40(x — 5) for
segment CD is also linear; at x = 5 m,
Mep=-210kN-m,atx=7m, Mgp =—
250 kN-m.

| —60kN
Shear Diagram
i

'
'
|
14
H
3
1

B — — — - -

—210 kN-m
Moment Diagram

—250 kN-m

Problem 416

Beam carrying uniformly varying load shown in Fig. P-416.

We

I L >

Ry Figure P-416
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—Solution 416
F=1alw,
YMp =0 l—— 2/3L 1/3 L
LRi= LLF W,
Ri= 1 Lw,) : — ;
= 1lw, < L —
Ry R,
2Mp1 =0
LR, = 3LF
RZ= %‘("i’ Lwo)
= + Lw,
L
x: 'L
y: w_ox
Fy = Y2 xy 1 .u’
203% | 1/3x Fr=3xy= ;x(T"J]
""""" = 2L
PR
Ry V=R -F
= Wy 2
=1 Lw,- 2—{1

- L >
R1 RI
d Load Diagram !
1 1
Ry i

|
i

Shear Diagram

Mma

Moment Diagram

M=Rix-F{}x)
w 2 _
= 1 Lwyx - ﬁx (4x)

w
= llwx - —2x°

o 6L

To draw the Shear Diagram:

V = 16 Lw, — w,x*/2L is a second degree curve; at x =
0,V=1/6Llw.=Ry; atx=L V=-1/3 Lw,=-Ry If
a is the location of zero shear from left end, 0 = 1/6 Lw,
— wex¥f2L, x = 0.5774L = a; to check, use the squared
property of parabola:

a*fRy = L*f(Ry + Ra)

a%f(1/6 Lw,) = L3/(1/6 Lw, + 1/3 Lw,)

= (1/6 Pwo)/(1/2 Lwo) = 1/3 2
a = 0.5774L a=

To draw the Moment Diagram

M = 1/6 Lwx — wo/6L is a third degree curve; at x =
O0M=0;atx=LM=0;atx=a=05774LL M =
Moy

Mooy = 1/6 Lwi(0.5774L) — w,(0.5774L)%/6L

My = 0.09620L%w, — 0.0321L%w,

Mux = 0.0641L%w,
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—Problem417

Beam carrying the triangular loading shown in Fig. P- 417.

Figure P-417
Solution 417
By symmetry:
Ri=R;= 4(#Lw,) = {Lw, y3x

We

y__w
X

F'»— L2 =||: L2

Ry Load Diagram 2

Shear Diagram

1 42
L Wo

Moment Diagram

P‘
~
N
=
I
N
[l =
G
-
%
A
' L
i .

V=R;-F

-2

w
V= iLlw, - T"x

M=Ryx-F(3x)

M= }Lw,x - [%.\'2 ($x)

M= }Lw,x - %Jf

To draw the Shear Diagram:
V = Lwo/4 — woxX*/L is a second degree curve;
atx=0,V=1LlwJ/4 atx=L1/2, V=0. The
other half of the diagram can be drawn by the
concept of symmetry.

To draw the Moment Diagram
M = Lw,x/4 — wx’/3L is a third degree curve;
atx=0,M=0; atx = L/2, M = L>w,/12, The
other half of the diagram can be drawn by the
concept of symmetry.
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—Problem418

Cantilever beam loaded as shown in Fig. P-418.

‘20 kN M = 80 kN-m
B
A I-— -
4m 2m
Figure P-418
Solution 418
Segment AB:

20 kN
Vap=-20 kN & 5
M = 80 kN-m MAB = -20x kN-m A

/™ e x —|

Al ! > Segment BC:
= #" J Vag = -20 kN

b X » Mae = -20x + 80 kN-m
20 kN M = 80 kN-m
Vs To draw the Shear Diagram:
ke Load Vg and Vg- are equal and constant

[ 5
A i 5 C Diagram at —20 kN.
|<— m # m

' . To draw the Moment Diagram:
! 1 d {1) My = —20x is linear; when x = 0,
Shear Mae =0; whenx =4 m, Mg = —
Diagram 80 kN-m.

(2) Mac = —20x + 80 is also linear;

E —20kN ; when x = 4 m, Mgc = 0; when x =
: : : 6 m, Mg = —50 kN-m
\l Moment
= S Diagram
—40 kN-m
—80 kN-m

Problem 419

Beam loaded as shown in Fig. P-419.

270 Ib/ft

Figure P-419



Southern Technical University

—Solution 419
5ft —
270bjk |
ll c
e
Ra
[ZMc-=0] 9R,; = 5(810)
R;=4501b
[ZM4=0] 9R, = 4(810)
R>=3601b
Segment AB:
y_20
X o
e L ‘: y = 45x
ly i 270 Ibfft
; S F=4ay = $x(452)
Ry ﬂ'_ X —’l F=225x2
«—— 6ft
Vis=R,-F
=450 -22.5x*1b
Maz = Rix - F(%-.‘l‘ )
= 450x - 22.5x2( +x)
= 450x - 7.5x% Ib-ft
48 810 b
270 Ibjft Segment BC:
Vzc =450 - 810
! = -360 Ib
A B
t‘R e Mec = 450x - 810(x - 4)
2= e = 450x - 810x + 3240

= 3240 - 360x 1b-ft
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270 Ib/ft To draw the Shear Diagram:
(1) Vjp = 450 — 22.5x% is a second degree
curve; atx =0, Vg =450 1b; st x =6
. ft, Vn = -360 Ib-
A" - — "’B' 4 C | (2) Atx=3a, V=10,
6ft e 38 _4 450 - 22.5¢ =0
i 22.5% = 450

R, =450 lb R) = 360 lb xz =20

' Load Diagram i x = \20
45’0 b To check, use the squared property of

parabola.

a’/450 = 6%/(450 + 380)
a’=20
a="\20
- ' (3) Vs =-360 |b is constant.

i

To draw the Moment Diagram:

(1) M, = 450x — 7.5x° for segment AB is
third degree curve; at x = 0, Mys = 0;
at x = V20, Mys = 1341.64 Ibft; at x =

i 6 ft, Mae = 1080 Ibft.

: (2) Mg = 3240 — 360x for segment BC is
! linear; at x = 6 ft, My = 1080 Ibft; at
i X =9t Mg =0.

Moment Diagram

Problem 420
A total distributed load of 30 kips supported by a uniformly distributed reaction as
shown in Fig. P-420.

W = 30 kips

Yy 3

AAAAAAAAAAALAA All\lkl\l\“’A,‘ AAAAAA

T T

Figure P-420
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—Sotution 420
W = 30 kips
w ib/ft
e s sl 128 Sl ar ]
w = 30(1000)/12
w = 2500 1b/ft
ZFy=0
R=W
20r = 30(1000)
r=1500 Ib/ ft
First segment (from 0 to 4 ft from left): X
Vi =1500x P u;
M, =1500x(x/2)
2300 e = 75012 = 1500 bt
S T IIIIILLE! Second segment (from 4 ft to mid-span):
r = 1500 Ib/ft V> =1500x - 2500(x - 4)
(_4&_,' = 10000 - 1000x
% 5 < Ma=1500x(x/2) - 2500(x - 4)(x - 4)/2

= 750x% - 1250(x - 4)*

To draw the Shear Diagram:

(1) For the first segment, V, = 1500x is
lingar; atx=0,Vy=0;atx =4, V, =
6000 b,

{2) For the second segment, V, = 10000 —
1000x is also linear; at x = 4 f, Vy =
6000 Ib; at mid-span, x = 10 ft, V; = 0.

(3) For the next half of the beam, the shear
diagram can be accomplished by the
concept of symmetry,

To draw the Moment Diagram:

(1) For the first segment, M, = 750x% is a
second degres curve, an open upward
parabola; at x =0, M; = 0; at x = 4 ft,
M, = 12000 Ibft.

(2) For the second segment, M, = 750x* —
1250(x — 4)? is a second degree curve,
an downward parabola; atx = 4 ft, My =
12000 Ib-ft; at mid-span, x = 10 ft, M, =
30000 Ibft.

(2) The next half of the diagram, from x =
10 ft to x = 20 ft, can be drawn by using
the concept of symmetry.
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—Problem421

Write the shear and moment equations as functions of the angle 6 for the built-in arch
shown in Fig. P-421.

Figure P-421

Solution 421

For § that is less than 90°
Components of J and P:

Q:=Qsind
Qy=Qcosb

P, =P sin (90° - 9)
= P (sin 90° cos 8 - cos-96°5m D)

=Pcos 6
P,=Pcos (90° - 6)
= P (cgs 90555 0 + sin 90° sin 8)
=Psin®
M= Shear:
V=2F,
V=0Q,-P

V=QcosB-Psinb

Moment arms:
dg=Rsin b
dr=R-Rcosb

=R (1-cos®)

Moment:
M = X Mecunserdociise = 2Miockwise
M= Q(dg) - P(dz)
M= QR sin 8 - PR(1 - cos 8)
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For 8 that is greater than 90°

Components of Q and P:
Q: = Q sin (180° - 6)
= Q (sin 180° cos 9 - cos 180° sin 6)

=Qcos b
.......... RNy @ Qeos (13-
oA : Vv = Q (cos 180° cos 6 + sin 180° sin 8)
dq ,.‘ E = —Q sin 0
ij <"’ 8 : E
- & 180° -5 P.= P sin (8 - 90°)
Q 180" 6 ;g = P (sin 6 cos 90° - cos 6 sin 90°)
e—/95{”p de ' =-PcosB
P,= P cos (6 - 90°)
= P (cos 6 cos 90° + sin 6 sin 90°)
=Psinf
Shear:
V=2F,
V=-Qy-Py

V=-(-QsinB)-Psinb
V=0Qsin6-Psinb

Moment arms:
dg =R sin (180° - 8)
= R (sin 180° cos 8 - cos 180° sin 6)
=Rsinb

dr=R + R cos (180° - 6)
=R + R (cos 180° cos 6 + sin 180° sin 0)
=R-Rcosb
=R(1l -cos 6)

Moment:
M = I M. untordociwise — 24V cockwise
M = Q(dg) - P(dz)
M= 0OR sin 8 - PR(1 - cos 8)
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Problemm422
Write the shear and moment equations for the semicircular arch as shown in Fig. P-422
if (a) the load P is vertical as shown, and (b) the load is applied horizontally to the left

at the top of the arch.

0
Figure P-422

Solution 422

M-=0
2R(Ra) =RP
R_.; = '%‘P

For 6 that is less than 90°

Shear:
Ve = Racos (90° - 8)
Vas = £ P (cos 90° cos 6 + sin 90° sin 6)

Viz= +PsinB

Moment arm:
d=R-RcosfB
d=R(1l -cos8)

Moment:
¢MAB e R.; (d)
Maz = 1+ PR(1 - cos 6)
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For 6 that is greater than 90°

Components of P and Ra:
P, =P sin (8 - 90°)
= P (sin 8 cos 90° - cos 8 sin 90°)

=-Pcos 8

Py =P cos (6 -90°)
= P (cos 6 cos 90° + sin 6 sin 90°)
=Psinf

Rax

R. sin (6 - 90°)
4 P (sin 8 cos 90° - cos 6 sin 90°)
-4 Pcos®
R4y =R cos (8-907)
= 4 P (cos 6 cos 90° + sin 8 sin 90°)

= 1Psin8
Shear:
Vsc=ZF,
Viac=Ray - Py

Vec=1PsinB-Psinb
Vgc=—%Psin9

Moment arm:

d =R cos (180° - 6)

d =R {cos 180° cos 6 + sin 180° sin )
d=-Rcos6

Moment:

Mpc = ZM cuntercloderise = ZM dlociwise
Msc = Ry(R + d) - Pd

M;zc= L P(R - R cos 8) - P(-R cos 6)
Mzc= +PR- £PRcos6 + PRcos 6
Mszc=2PR+ +PRcos 9

Mzc= $PR(1 + cos B)
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